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Abstract

In this thesis, we consider energy transport or equivalently thermal transport in
insulating lattice systems. We typically establish the nonequilibrium processes
by sudden switching on the (linear) coupling between the leads and the junction,
which are initially in their respective thermal equilibrium states. Since the leads are

semi-infinite, the temperatures of the leads are maintained in their initial values.

We have first examined if, when, and how the onset of the steady-state thermal
transport occurs by determining the time-dependent thermal current in a phonon
system consisting of two linear chains, which are abruptly attached together at
initial time. The crucial role of the on-site pinning potential in establishing the
steady state of the heat transport was demonstrated both computationally and
analytically. Also the finite-size effects on the thermal transport have been care-
fully studied. Furthermore, using this specific model, we have explicitly verified
the subtle assumption employed in the nonequilibrium Green’s function (NEGF)
method that the steady-state thermal transport could be reached even for ballistic

systems after long enough time.

The Landauer formula describing the steady-state thermal current assumes that
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the two leads are decoupled. However, through modern nanoscale technology, a
small junction is easily realized and frequently used in real experiments so that the
coupling between the two leads is inevitable due to long-range interaction. Thus
using the NEGF method, we have established a generalized Landauer-like formula
explicitly taking the lead-lead coupling into account, which is computationally

efficient to calculate steady-state heat current across various junctions.

To fully understand thermal transport, the distribution of heat transfer in a given
time duration is desired. From consistent quantum history point of view, we have
analytically obtained the cumulant generating function (CGF) formula of heat
transfer in general coupled left-right-lead systems, which contains valuable infor-
mation on microscopic transport process not available from current and considers
transient and steady-state on an equal footing. It has been noticed that the cou-
pling between the leads does not affect the validity of the Gallavotti-Cohen (GC)
symmetry. In addition, the CGF can be directly used to obtain probability distri-
bution of heat transfer based on the fundamental principle of the large deviation
theory. Using the CGF formula, we have partly answered a question raised by
Caroli et al. in 1971 regarding the (non)equivalence between the partitioned and
partition-free approaches. Also, in the corresponding appendix, we have obtained
the CGF formula under quasi-classical approximation, which ‘nearly’ match the

pure quantum result to the second cumulant.

Finally, we have established a general formalism to study the distribution of
heat transfer across arbitrary nonlinear junctions. Based on the nonequilibrium
Feynman-Hellman method, we have related the CGF with the generalized contour-

ordered Green’s function depending on the counting field in phononic systems. By
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introducing the interaction picture defined on the contour, the closed equations for
calculating the generalized contour-ordered Green’s functions are obtained. This
formalism is meaningful for the analysis of phononics involving the nonlinearity,

which is the counterpart technology of electronics.

In conclusion, we have established a general formalism to study various aspects
of quantum thermal transport using the unified language of consistent quantum
theory. The study in this thesis may further our understanding on the statistical
properties of quantum thermal transport and gives guidelines to experimentalists

for devising transport devices at the nanoscale.
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Chapter 1

Introduction

Quantum thermal transport is an active research field in nonequilibrium statistical
mechanics. In insulating lattice systems, the energy transport is carried mainly
by phonons—quantized vibration modes, in the case of which we can equally well
say heat transport or thermal transport. During the recent decades, it becomes
feasible to manufacture devices with sizes of 10-100 nm. Thus we are now at a new
stage of control energy and matter at nanoscale. At these scales quantum effects
dominate almost all properties of such systems including their thermal conduc-
tivity and thermal fluctuation. For example, the quantized thermal conductance
was observed at low temperatures [1], which showed conclusive phonon ballistic
transport. Even in the electronic case, the real-time counting of electrons tunnel-
ing through a quantum dot has been performed [2], which involves the probability
distribution of the transferred particle number. However, the phonon counting is a

little tricky since the number of phonons is not a conserved quantity [3]. Therefore,
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what we really care is the amount of energy, a continuous variable, transported out

of a subsystem in a given time duration.

The study of energy transport involves not only the frequently calculated steady
thermal current, but also the higher-order cumulants of the cumulant generating
function (CGF) of the energy transferred or even the corresponding probability
distribution, which satisfies certain ‘fluctuation theorem’ [4, 5]. All these problems
will be studied by using the unified language of consistent quantum theory. In
the following, we will introduce the research status of energy transport and the
probability distribution of the energy transferred and the fundamental knowledge

of consistent quantum theory separately.

1.1 Energy transport

In recent years there has been a huge increase in the research and development of
nanoscale science and technology, with the study of energy and electron transport
playing an important role. Focusing on thermal transport, Landauer-like results
for the steady-state heat flow have been proposed earlier [6, 7]. Subsequently,
based on the quantum Langevin equation approach, many authors successfully
obtained a Landauer-type expression [8-10]. Alternatively, the nonequilibrium
Green’s function (NEGF) method has been introduced to investigate mesoscopic
thermal transport, which is particularly suited for the use with ballistic thermal
transport and readily allows the incorporation of nonlinear interactions [11-13].

Generally speaking, in the lead-junction-lead system, the steady-state heat current
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of ballistic thermal transport flowing from left lead to right lead has been described

by the Landauer-like formula, which was derived first for electrical current, as

* dw
T= [ SEmT Ll (= fi). (1.1)

where fir ry = {exp (hw/ kpTy L,R}) — 1}71 is the Bose-Einstein distribution for
phonons, and T |w] is the transmission coefficient. Based on the NEGF method,
T [w] can be calculated through the Caroli formula in terms of the Green’s functions

of the junction and the self-energies of the leads,
T [w] =Tr (G'TrGTL), (1.2)
where G is the Green’s function of the junction, and

F{L,R} =1 (ZEL,R} - L{lL,R}) ) (1~3)

r,a

where the self-energy terms X (LR} are due to the semi-infinite leads on the left, L,
and on the right, R, respectively. The superscript  and a denote retarded and ad-
vanced, respectively, both for the self-energies as well as for the Green’s functions
in the formula. We will recover this Caroli formula explicitly in the Subsec. 3.1.4
of the Chapter 3, by when all the relevant terminologies will automatically be-
come clear. The specific form (1.2) was given from NEGF formalism by Meir and
Wingreen [14] for the electronic case and later by Yamamoto and Watanabe for
phonon transport [15], while Caroli et al. first obtained a formula for the electronic
transport in a slightly more restricted case [16]. Also, Mingo et al. have derived
a similar expression for transmission coefficient using an “atomistic Green’s func-
tion” method [17, 18]. Very recently, Das and Dhar [19] derived the Landauer-like
expression from the plane-wave picture using the Lippmann-Schwinger scattering

approach.
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The Landauer-like formula describes the situation in which the junction is small
enough compared to the coherent length of the waves so that it could be treated
as elastic scattering where the energy is conserved. Furthermore, it has been
assumed that the two leads are decoupled, which physically means there is no di-
rect tunneling between the two leads. Through modern nanoscale technology, a
small junction is easily realized in certain nanoscale systems, for instance, a single
molecule or, in general, a small cluster of atoms between two bulk electrodes. In
that case, the electrode surfaces of the bulk conductors may be separated by just
a few angstroms so that some finite electronic coupling between the two surfaces
is inevitable, taking into account the long-range interaction. In order to solve this
problem, Di Ventra suggested that [20] we can choose our “sample” region (junc-
tion) to extend several atomic layers inside the bulk electrodes, where screening
is essentially complete, so that the above coupling could be negligible. This turns
out to be correct when using this trick to avoid the interaction between the two
leads, which will be discussed in the Chapter 3, even though we, to some limited
extent, modify the initial condition necessary to derive a Landauer-like formula in
NEGF formalism and repartition the total Hamiltonian. However, this procedure
could not be always done, due to some topological reason, such as studying heat
current in the Rubin model [21], in which the other end of the two semi-infinite
leads is connected (a ring problem). Actually this somewhat trivial example is not
so artificial since it is equivalent to using a periodic boundary condition in the Ru-
bin model. Furthermore, the modification of the initial product state will certainly
affect the behavior of the transient heat current. If we want to study the transient
and steady heat current [22] in a unified way, the repartitioning procedure, which

changes the model, is not acceptable.
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1.2 Probability distribution of energy transferred

The physics of nonequilibrium many-body systems is one of the most rapidly ex-
panding areas of theoretical physics. In the combined field of non-equilibrium
states and statistics, the distribution of transferred charges in the electronic case
or heat in the phononic case, the so-called full counting statistics (FCS), plays an
important role, according to which we could understand the general features of
currents and their fluctuations. Also, it is well known that the noise generated
by nanodevices contains valuable information on microscopic transport processes
not available from only transient or steady current. In FCS, the key object we
need to study is the CGF, which presents high-order correlation information of the

corresponding system for the transferred quantity.

The study of the FCS started from the field of electronic transport pioneered by
Levitov and Lesovik, who presented an analytical result for the CGF in the long-
time limit [23]. After that, many works followed in electronic FCS [4, 24-26],
while much less attention is given to phonon transport. Saito and Dhar were
the first ones to borrow this concept for thermal transport [27]. Later, Ren and
co-workers gave results for two-level systems [28]. And very recently, transient
behavior and the long-time limit of CGF have been obtained in lead-junction-lead
harmonic networks both classically and quantum-mechanically using the Langevin
equation method and NEGF method, respectively [29-31]. Experimentally, the
FCS in the electronic case has been carefully studied, and the cumulants to very
high orders have been successfully measured in quantum-dot systems [2, 32]. In

principle, similar measurements could be carried out for thermal transport, e.g., in
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a nanoresonator system. Again, whether Di Ventra’s trick that repartitioning the
total Hamiltonian for the case of small junctions applies to all the higher cumulants
of heat transfer in steady state is still a question, which we will discuss in Chap-
ter 4. Obviously, this trick can not be applied to study the transient behavior of
all the cumulants of heat transfer. On the other hand, although some works have
already been devoted to the analysis of fluctuation considering the effect of nonlin-
earity in the classical limit through Langevin simulations [27], or approximately in
a restricted electronic transport case, such as the FCS in molecular junctions with
electron-phonon interaction [33], the present works are mainly restricted to nonin-
teracting systems [26, 30, 34]. Also, so far the developed approaches dealing with

nonlinear FCS problems mainly focus on single-particle systems, such as Ref. [35].

1.3 Consistent quantum theory

In this section, we briefly introduce the consistent quantum theory due to Griffiths,
which will be used to properly assign probabilities to certain sequences of quantum
events in a closed system while probability distribution of heat transferred is our
main concern in this thesis. The consistent histories approach was first proposed by
Robert Griffiths in 1984 [36] , and further developed by Roland Omnes in 1988 [37],
and by Murray Gell-Mann and James Hartle, who used the term “decoherent
histories”, in 1990 [38]. For more detail about the consistent quantum theory, one

may refer to Ref. [39].
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1.3.1 Terminology

Physical property refers to something which can be said to be either true or false
for a particular physical system. And a physical property of a quantum system
is associated with a subspace P of the quantum Hilbert space H, onto which the

(orthogonal) projector P plays a key role. The projector P satisfies two conditions
P'=p P*=P, (1.4)
where the superscript 1 means hermitian conjugate.

If the state |¥) describing the quantum system lies in the subspace P so that
P |¥) = | ), one can say the quantum system has the property P; On the other
hand, if P |¥) = 0, then one say the quantum system does not have the property
P. When the state |¥) is not an eigenstate of P, we will say that the property P is

undefined for the quantum system, which does not have the classical counterpart.

Considering two different quantum properties P and (), we can have three logical

operations:

Negation of P: P = I — P is defined as the property which is true if and only

if P is false, and false if and only if P is true.

Conjunction of P and Q: P A Q = PQ in the case of [P, Q] = 0. Furthermore,
If PQ=QP =0,ie., P and @ are mutually orthogonal, the corresponding

properties are said to be mutually exclusive.

Disjunction of P and Q: PV Q = P + Q — PQ in the case of [P,Q] = 0.
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One can easily verify that the results after logical operations are still projectors.
We must point out that if the two projectors P and () do not commute with each
other, the two properties of any quantum system are incompatible and it makes no
sense to ascribe both properties to a single system at the same instant of time so

that P A @ and PV @) are meaningless.

A decomposition of the identity was defined to be a collection of mutually orthog-
onal projectors P;, which sum to the identity, ie., I =) ; Pj. Then a Quantum
sample space is taken as any decomposition of the identity, corresponding to which
the quantum event algebra consists of all projectors of the form R = )" ;™ P; with

each 7; equal to 0 or 1. Certainly, the decomposition of the identity is not unique.

As we know, a quantum physical variable is represented by a Hermitian operator on
the Hilbert space. For every Hermitian operator, there is a unique decomposition

of the identity {P;}, determined by the Hermitian operator A so that
A=Y ap, (1)
J

where the {a;} are the eigenvalues of A and a; # a; for j # k. In this case, the

collection {P;} is the natural quantum sample space for the physical variable A.

Perhaps the most important concept in consistent quantum theory is quantum
histories, a realization of which consists of a sequence of quantum events occurred
at successive times. A quantum event at a particular time can be any quantum
property of the system so that it can be represented by a projector. Therefore,

given a finite set of times ¢; < t3 < ... < %y, a specific quantum history can be
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specified by a collection of projectors { P, P, ... Py}, which is expressed by
Y=POPO...0 P, (1.6)

where ® is a variant of the tensor product symbol ®, emphasizing that the factors
in the quantum history refer to different times. Thus YT =Y = Y? and Y itself is

also a projector. So we can define a history Hilbert space as a tensor product
H=H0MHO...0 My, (1.7)

where H; is a copy of the Hilbert space H used to describe the system at a single
time ¢;. Then the quantum history Y is just a single element in the history Hilbert

space H. Also all the logical operations are equally well suited to quantum histories.

Next we can similarly define a sample space of quantum histories, which is a

decomposition of the identity on the history Hilbert space H:
[=>"ve (1.8)
Here, the superscript « label a specific quantum history of the form Eq. (1.6).

Associated with a sample space of histories is a quantum history algebra, called a

family of histories, consisting of projectors of the form

Y =) mv° (1.9)

with each 7 equal to 0 or 1.

1.3.2 How to assign a probability to a quantum history?

In standard quantum mechanical textbooks, see Eg. [40], the Born rule is the

unique way to assign the probability to a quantum event. Now let us consider a
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simple situation in which the initial state is specified by a normalized ket |t)g) at
time ty. And the system evolves to time ¢; according to the Schrodinger equation,
when the physical variable A is measured. Then the probability P(a,) of obtaining

the eigenvalue a,, is

gn
i 2
P(a,) = Z |(up | Uty to) [v0)] ™ (1.10)
i=1
where U(ty, 1) is the evolution operator, |u’), i = 1,2, ..., g, are orthonormalized

eigenvectors associated with the eigenvalue a, of the physical variable A and g,
is the degree of degeneracy of a,. The (orthogonal) projector onto the subspace

associated with the eigenvalue a,, is expressed as
gn A ‘
Pim = ") (up| . (1.11)
i=1

By virtue of this projector P{", the normalized state after the measurement at time

ty is simply

) = P{U(t1,to) |vo)

\/<¢0| Ulto, t1)Pi"U (t1, to) |to) : (1.12)

(¢

This state |z/1(tf)> continues to evolve unitarily until the next measurement is
performed, corresponding to which is another projector P5™ onto the subspace

associated with the eigenvalue b,, of another quantum variable B.

Actually the whole process can be re-expressed by the compact language in the
consistent quantum theory. What we study here is the join probability of the
quantum event

Y = |¢o) (to| © P" © P3". (1.13)

For convenience, we can introduce the chain operator K(Y') and its adjoint KT(Y),

10
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given by
K'(Y) = |vho) (¥o| Ulto, t1)P{U(ty, t2)Pom, (1.14)

which is obtained by replacing ©®s with the corresponding evolution operators inside
the expression for the quantum event Y. Then the joint probability of the quantum
event Y is just

Pr(Y)="Tr (K'(Y)K(Y)), (1.15)

which is easily verified using the standard quantum mechanical language shown

above.

In more general case, the initial state is specified by a density matrix p™ instead of
pure state [1p). One can similarly show that the joint distribution for the quantum

history Y = I ® P ® P4 is
Pr(Y)="Tr (p"K'(Y)K(Y)), (1.16)

In the quantum history Y, I is the identity operator since we have not performed
any measurement at initial time ¢, and have already explicitly written down the
initial condition p™ in the right-hand side of Eq. (1.16). In addition, one can

convince himself that this approach can be applied to any quantum history.

1.3.3 How to assign probabilities to a family of histories?

At first glance, one might consider this section to be the same as the last section.
However, the focus of the attention of this section is completely different. According
to the probability theory, probabilities should be assigned to a sample space and

satisfy three fundamental axioms [41]:

11
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1. The probability of an event is a non-negative real number.

2. The probability that some elementary event in the entire sample space will

occur is 1.

3. Any countable sequence of mutually exclusive events satisfies additive rule.

We can easily verify that the probabilities assigned to any quantum sample space
satisfy the first and second axiom. However the third axiom require much more
attention, which impose strong restrictions on the choice of the family of histories.
Mathematically, this restrictions turn out to be consistency conditions which we

will discuss now.

Suppose the quantum sample space we are considering is a decomposition of {Y*}
of the history identity. Then any quantum history in this sample space can be

expressed as
Y =) v (1.17)
«
with each 7 equal to 0 or 1. According to the third axiom of probability theory,

the probability of the quantum history Y is equal to
Pr(Y)=> #°Pr(Y®) =) xTr (o™ K'(Y*)K(Y*")) (1.18)

However, the joint probabilities assigned to the quantum histories according to the
Born rule, see Eq. (1.16), do not necessarily satisfy Eq. (1.18). With the chain

operator being a linear map, according to Eq. (1.17) we know that

K(Y)=)Y n"K(Y®) (1.19)

12
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Thus, employing the general formula for the probability of a quantum history
Eq. (1.16), we have
Pr(Y)=> Y =aTr (¢ KI(Y*)K(Y")). (1.20)
o B
We observe that Eq. (1.18) and Eq. (1.20), coming from the third axiom of prob-
ability theory and the Born rule respectively, are generally not equal. And we im-
mediately realized that a sufficient condition for probabilities in a quantum sample

space satisfying the axiom of probability theory is
Tr (p™K'(Y*)K(YP)) =0, Va # B, (1.21)

which are known as consistency conditions. A quantum sample space which fulfills
consistency conditions will be referred as a consistent quantum framework, and the
approach of consistent quantum theory is to limit ourselves to consistent quantum

frameworks.

Before the ending of this section, we want to clarify several points: first, the
consistency conditions Eq. (1.21) are by no means necessary conditions; second,
the probability assigned to a specific quantum history does not depend on the
choice of the quantum sample space; third, according to the probability theory

inconsistent quantum frameworks turn out to be meaningless.

1.4 Objectives

In this thesis, we aim to develop a rigorous and systematic formalism to study

the thermal current and probability distribution of the heat transfer in a given

13
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time duration for both ballistic systems and nonlinear systems in terms of unified
language of consistent quantum theory. Specifically, both the main objective of

this thesis and the contributions are

1. to examine if, when, and how the onset of the steady-state thermal transport

occurs incorporating finite-size effects of the leads [42];

2. to establish generalized Landauer-like formula explicitly taking the lead-lead

coupling into account [43];

3. to derive the CGF formula of the heat transfer in coupled left-right-lead

ballistic systems [44];

4. to extend the study regarding the CGF formula of heat transfer to nonlinear

quantum systems [45].

The results of the present research may have significance on the systematic un-
derstanding of the quantum thermal transport carried by phonons, which can be
readily extended to the transport by other kinds of particles such as electrons and
photons. This research may provide insights into statistics aspect of the quantum
thermal transport by using microphysics model to approach the fluctuation the-
orem. Also, the analytical results obtained in this thesis could give guidelines to

experimentalists for devising transport devices at the nanoscale.

The structure of the thesis is as follows: we introduce the nonequilibrium Green’s
function (NEGF) method in Chapter 2, which will be used throughout the thesis,
followed by the study on the steady-state thermal current in coupled left-right-

lead systems in Chapter 3. In Chapter 4, the study is extended to the probability

14
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distribution of energy transport in a given time duration. In Chapter 5, we consider
the probability distribution of energy transport across nonlinear quantum systems.

Finally, the summary of the study and future works are given in Chapter 6.

15



Chapter 2

Nonequilibrium Green’s function

method

In this thesis, we focus on the study of various aspect of energy transport from
quantum histories point of view. As is known, the nonequilibrium Green’s function
(NEGF) method is a powerful and compact tool to study energy transport. There-
fore, as a preliminary step this chapter is largely devoted to develop the NEGF
method self-containedly using an insulating lattice system as a typical model, where

energy transport is due to atomic vibrations (phonons).

The NEGF method was initiated by Schwinger for a treatment of Brownian motion
of a quantum oscillator [46]. Later Kadanoff and Baym used the NEGF method to
derive quantum kinetic equations [47]. Further, Keldysh introduced the concept

of contour order to perform diagrammatic expansion for nonequilibrium processes

16
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[48]. For the first time, Caroli, et al. gave an explicitly formula for the transmis-
sion coefficient in terms of Green’s functions when studying transport [16], whose
modern form is due to Meir and Wingreen [14]. For a thorough understanding of
the NEGF method to quantum thermal transport, one can resort to the review

article in Ref. [49] and a updated one [50].

In the first section, we will briefly recall three different pictures in quantum me-
chanics: Schrodinger picture, Heisenberg picture, and interaction (Dirac) picture,
emphasizing the convention used throughout the thesis such as the choice of the
synchronization time. In the second section, we discuss the basic formalism of
the NEGF method around the contour-ordered Green’s function. Finally, we ex-
plore the subtle conditions employed in the NEGF method for the existence of the

steady-state thermal transport.

2.1 Pictures in quantum mechanics

Let us consider the total Hamiltonian Hy, (¢) in the Schrédinger picture of a quan-
tum system, which can be separated to a noninteracting solvable part Hy and a

generally time-dependent interacting part V' (¢), namely
Hi (t) = Hy+V (). (2.1)

Here, the ‘solvable’ simply means all the eigenfunctions and eigenvalues of H are

explicitly known.

Suppose that at the initial time ¢, the normalized state of the quantum system is

17



Chapter 2. Nonequilibrium Green’s function method

specified by [¢ (t9))g, then the Schrédinger equation

L0 (t)g
th = Hyot () [¥0 (1)) (2.2)

govern the subsequent evolution of the state. Equivalently,

¥ (1)) s = Us (t, to) [¢ (o)) s, t = to (2.3)

since Eq. (2.2) is a first-order differential equation with respect to time. Here
Us (t, to) is just the evolution operator mentioned in the Eq. (1.10) of the last

chapter, formally expressed as

-
Us (t, tg) = T exp {—%/ Hiot (1) dt’} , (2.4)
to

where 7' is time-order super-operator arranging the position of the operator at
earlier time to the right. Similarly, the evolution operator Ug (t1, t2) when t; < to

can be shown to be
_ i [
US (tl, tg) = Usfl (tQ, tl) = U;f: <t2, tl) = Texp |i_7_7,/ H; (t’) dt1:| , (25)
to

where T is anti-time-order super-operator arranging the position of the operator
at earlier time to the left. Frequently, what we are concerned is the quantum

average of some observable Ag (t), which might be explicitly time-dependent due

OHiot
ot

to a presumed protocol such as the power operator . The quantum average at

arbitrary time ¢ is experimentally verifiable, defined to be

(¥ (0] As (1) [ (1)) (2.6)

in the Schrodinger picture.

Until now, what we discussed is the quantum language in the Schrodinger pic-

ture, labeled by the subscript ‘S’. Alternatively, we can use the Heisenberg picture

18
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to study the quantum system. We choose the synchronization time between the
Heisenberg picture and the Schrodinger picture to be the time ¢ty when the initial

state of the quantum system is known, which means

[ () g = Us (to, 1) [ (1)) g = |¢ (o)) s (2.7)

so that we can freely set the synchronization time ¢y to be 0 or —oo or any value,
whichever is much more convenient. Since the experimentally measurable quantum
average should not depend on the picture we used, the operator in the Heisenberg

picture is correspondingly defined as
Ay (t) = Us (to, t) As (t) Us (t, to), (2.8)

so that

W@y A @) [0 @)y = @ ()]s As (1) [ (1) - (2.9)

As far as I am concerned, the interaction (Dirac) picture is just a calculation tool,
much simpler much better. Thus the reference time for the interaction picture in

this thesis is always chosen to be 0 except when explicitly mentioned so that

(1), = et |y (1)) (2.10)

Ar(t) = el Ag (t) e nthor, (2.11)

Typically the operator in the interaction picture is quite easy to deal with, while

the calculation of the ket in the interaction picture satisfying

LO[Y (),
ZhT =V (t) W (t)>1 (2-12)

require much more effort. The Schrodinger equation in the interaction picture

Eq (2.12) can be formally solved as

[ (@), = Ur(t; to) ¢ (o)), (2.13)
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with the interaction-picture evolution operator Uy (t, to) to be

Ur(t, to) = en™Ug(t, to) e nHoto (2.14)

~ Texp [—% /t j Vi () dt’} | (2.15)

It is helpful to relate the Heisenberg-picture operator with the corresponding
interaction-picture form using the interaction-picture evolution operator, which

turns out to be
Ap () = e w00 (1o, £) Ar (1) Uy (8, to) en'Toto (2.16)

under our convention by Egs. (2.8), (2.11) and (2.14).

2.2 Contour-ordered Green’s Function

In the NEGF formalism, contour-ordered Green’s functions are the central quanti-
ties. On restricting the variation of the arguments of the contour-ordered Green’s
functions to the separate branches of the contour, one can get four conventional
Green’s functions: the greater, lesser, time-ordered, and anti-time ordered Green’s

functions.

2.2.1 Motivation for closed-time contour

Those familiar with ground-state quantum field theory might consider it to be
strange to introduce the forward-backward contour, see Fig. 2.1. So in this sub-

section, let us see what really happened in the ground-state formalism.
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1 1
1 + T =t 1

> O— !
1 \I
' O N
1 \J 1
1 T=t, 1

Figure 2.1: Contour C used to define the nonequilibrium Green’s functions. The
upper branch is called + and lower one — so that a particular time point 7 on the
upper branch is denoted by ¢ while 7, on the lower one by t,. The time order

follows the direction of the arrows.

In the ground-state quantum field theory, the time-dependence of the interacting
Hamiltonian V (¢) is only due to an adiabatic switch-on factor e~¢Il ¢ — 0%,
which fully switches the interaction on at time ¢ = 0. It should be noted that
in the ground-state quantum field theory the synchronization time ¢, between the
Heisenberg and the Schrodinger picture is chosen to be 0, so that the quantum
average at time ¢ of the operator Ag (t) with respect to the initial interacting

ground state |GS) at time t = 0 is

(GS| Ay (t)|GS)
= (GS|U;(0,t) A (t)Us (¢, 0) |GS)
= (0] U (=00, 0)Ur (0, t) Ay (t) Uy (t, 0) Ur (0, —00) [0)
= (0] Ur (=00, 00) U (00, 1) Ar (£) Ur (¢, 0) Ur (0, —00) |0)

(2.17)
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where in the second equality we have employed the Gell-Mann and Low theo-

rem [51], which says that
|GS) = Ur (0, —00) |0) (2.18)

with |0) to be the ground state of non-interacting Hamiltonian Hy. It is worth
mentioning that U (0, —o0) |0) is usually but not necessarily the interacting ground
state. The key trick comes now that the state Uy (0o, —00) |0) is equal to |0) up

to an infinite phase factor when & — 0%, namely
Ur (00, —00) [0) = ¢ |0}, (2.19)

due to the adiabatic switch-on and subsequent switch-off process, which can be

also considered as a corollary of the Gell-Mann and Low theorem. Therefore,

(@S| An (n)|Gs) = AT Ale(i? Grlt, el (2:20)

(01 Ur (o0, t) Ay () Ur (t, —00) |0)
(0] Ur (00, —00) |0)

(2.21)

Now we realized that the reason why the backward contour is eliminated is due
to the fact that in some restricted situation the state in future may be identified
as a state in the past, see Eq. (2.19). However, for some general initial states
and general evolution processes it is hopeless to expect this ‘good luck’ to happen
again. In that case, we really need to consider both the forward and the backward

branch of the closed-time contour, which will be studied in the following sections.

2.2.2 Exploring the definition

Let us consider a general lattice system described by vibrational displacement wu;,

where the single subscript index j runs over all the relevant degrees of freedom.
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For example, j may refer to the [-th atom shifting in the x direction in a three-
dimensional lattice model. Thus the formalism we are introducing can be used to

study a general network.

The contour C'is explicitly defined to be going forward from the initial time ¢, in the
upper branch, up to a maximum time ¢,; relevant to the problem (which actually
could be 00), then returning backward to the time ty from the lower branch, see
Fig. 2.1. Typically we use 7 to denote a particular position on the contour, and
7 = t{ denotes the position at time ¢; on the upper branch while 7 = ¢, at time

to on the lower branch.

For clarity, we introduce a new evolution operator Ug (72, 71) which is defined on
the contour C'. Assuming that 7o > 71, namely 75 succeeds 71 on the contour, we
will encounter three different situations depending on the relative position of the

arguments 7, and 7y:

/

U;_(tQ, t1>, (ngt;) > (letii_)
Us (72, 1) = Uz (ta, tar) UF (tar, t1), T =t5, 7 =t} (2.22)
US_'(tQ, tl) (72:t2_)< (Tl:tl_)

\

Where in the second situation we need not specify the relative magnitude of ¢;
and t], since the time on the lower branch always succeeds the time on the upper
branch along the contour. Also we should notice that the superscript + or — for the
evolution operator simply tell us that the ordinary Schrodinger evolution operator
is for the upper branch or the lower branch, respectively. Because frequently
the Hamiltonian determining the evolution does not depend on the branch of the

contour, the superscript + or — for the evolution operator is completely redundant
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and finally Us (12, 71) = Ug (ta, t1). However, for me in a formalism it is always
much better to tolerate extra freedoms and the real value of allowing a branch-
dependent Hamiltonian will be appreciated when we deal with the nonlinear case
in Chapter 5, where due to the measurement procedure the convenient effective
Hamiltonian depends on the branch of the contour through the counting field
parameter. Compactly, the evolution operator defined on the contour Ug (72, 71)

could be written as

Us (19, 71) = Ty exp (—%/ Hioy (7) dT) . To > TI. (2.23)
Clr2,71]

Where T} is contour-ordered super-operator arranging the position of the operator
at later contour time to the left, and C' [y, 71| denotes part of the whole contour
C from earlier contour time 77 to the later contour time 75 along the contour. In
order to keep group properties of the evolution operator, the evolution operator

Us (11, T2), T2 > 7 is defined to be

Us (11, 1) = Us (79, 71)_1 = Us (72, 7'1)T7 Ty > T1. (2.24)

By virtue of the evolution operator defined on the contour, we can define a gener-

alized Heisenberg-picture operator which is given as
Ap (1) =Us (13, 7) AsUs (7, 17 ) - (2.25)

One can easily verify by himself that the generalized Heisenberg-picture operator
Ap (1) agrees with the usual one if the Hamiltonian determining the evolution of
the system does not depend on the branch of the contour, which normally is. But,
nonetheless, employing Heisenberg-picture operators defined on the contour, the

component form of contour-ordered Green’s function will be quite clearly defined
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as

Gji (12, 1) = —%Tr [pim (tO)TTuf (72) ukH (7’1)] ) (2.26)

2.2.3 The basic formalism

Basically, there are two approaches to study the contour-ordered Green’s function:

the equation of motion method and the perturbation expansion method.

We first consider how to obtain the equation of motion satisfied by the the contour-
ordered Green’s function. At the beginning, we need to solve several technical
problems. The first one is on the precise meaning of the time derivative of contour-

time dependent functions, which is shown below:

df (7) f(r+ A7) = f(7)
o T A, Ar (2.27)
e
= (2.28)

df—(t) o
e T=1

where the function f (7) is equal to f* (¢) or f~ (¢), when the argument contour-
time 7 is on the upper branch ¢ or lower branch ¢~, respectively. Equipped well
with the contour-time derivative, we can develop a generalized Heisenberg equation
of motion for the Heisenberg-picture operator on the contour Ay (7), which turns

out to be

ih%AH (1) = [Au (1), HZ ()] (2.29)

The second one is the definition of Heaviside step function 6 (7, 7') on the contour,
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which is given below:

1, 77
9 (7_, 7—/) - %’ T = 7-/ (230)
0. 7=<71

Since we want to keep the identity 6 (7, 7') + 60 (7', 7) = 1 for arbitrary value of 7
and 7', the special case 0 (7, ) is set to be 1/2. In addition, the ¢ function on the

contour is defined to be

, a0 (r, ' o0 (r, 1
o(r, ') = (6?7 ) = — 537/ ) (2.31)

In order to get a feeling about what the equation of motion for the contour-ordered
Green’s function looks like, we give a simple example, in which the total Hamilto-
nian is

1 1
Hiot = §pr + §UTKU7 K" =K, (2.32)

where K is a symmetric, positive definite spring constant matrix, the superscript
T stands for matrix transpose, u is a column vector with component u; and p is the
conjugate momentum vector. It is easily verified that the standard commutation

relation for uy (7) and py (7) on the contour still holds, namely,
[up (1), ppy (1)) =ikl (2.33)

with I to be an identity matrix. In this simple case, Hgt (1) = Hy and all
the Heisenberg-picture operators on the contour are completely equivalent to the

usual Heisenberg-picture ones, since the total Hamiltonian Hy, is contour-time
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independent. After noticing that

l

G (2, 1) = 7 <TTUH (72) Uz (7'1>>
= —ﬁé’ (T2, T1) <uH (72) ul (7'1)> — 59 (11, T2) <UH (1) ugy (7'2)>
(2.34)
with (...) denoting Tr[p™ (to)...], duf—T(T) = py (7) and dpg—f) = —Kug (7), we

can obtain the equation of motion for the contour-ordered Green’s function using

contour-time derivative:

%;22’7—1)—1-}(6'(72, 1) =—0 (10, 1) 1. (2.35)
The ¢ function appearing on the right-hand side of this equation of motion justifies
the name of the ‘Green’s function’. Also this equation of motion is generally true
for arbitrary initial density matrix p™ (¢,). Just due to this fact, this equation is
generally hard to solve directly which requires the careful specification of boundary

conditions. We do not pursue to conquer this difficulty here and readers interested

in this problem can refer to Ref. [52].

Now we try to use the perturbation expansion method to study contour-ordered
Green’s function. The main idea will be illustrated by a typical ballistic-transport
model, which consists of three parts: a left lead (L), a right lead (R) and a center
part (C) and the two couplings between the two leads and the center are both
bilinear with respect to displacement operators in the leads and the center part.

Explicitly, the total Hamiltonian is
Hio = Hp + He + Hr + Hro + Hep, (2.36)
where H, = %pgpa + %ugK Uy, @ = L,C, R represents coupled harmonic oscil-

lators, u, = y/mx, and p, are column vectors of transformed coordinates and
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corresponding conjugate momenta in region «. The coupling between the cen-
ter and the two leads are Hro = u%VLCu(; and Hop = u:gVCRuR. Essentially,
this model can be taken account as a specific partition of the harmonic network

considered above with K in Eq. (2.32) to be

KL VLC 0
K= |ycL KC yCR|. (2.37)
0 VRC KR

A natural question will immediately come about the effects of the different partition
of the total Hamiltonian on thermal transport, which will be discussed in the later
Chapters 3 and 4. The relevant contour-ordered Green’s functions to this model

are

Gas (12, 71) = =T [ty (t0) Tufd () uf " (m)] L @, 6= L, CL R (238)

Where the initial density state at time ty is specified by the direct product state,

ie.,
ini e Palla
Pprod (to) = pL Q pc D PR, Pa = W for a=L,C, R (2.39)
with £, = kBLTa, a = L, C, R to be the inverse temperature. The first step

is to transform the Heisenberg-picture operators appearing in the contour-ordered
Green’s function to the interaction-picture ones with respect to Hy = H,+Hc+Hpg,

which can be readily done as

? ini —i T)dT
Gap (72, 1) = =T [y (t0) Tyt () uf ™ (r) e IO ] (2.40)

where
Vi (1) = ei™7 (Hyo + Heg) e #7807 = o7 (1) VECUL (1) + ubT (1) VERUL (1)

(2.41)
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after noticing that the commutator [p;%d (to), Ho] = 0. The contour variables
such as 7 only influence the ordering of the operators under 7., and enf07 has the
same meaning as enflol with real time ¢ after ordering. For a better treatment of

this contour-time interaction picture, please refer to the Sec. 5.2 of the Chapter 5.

Observing the exponent of Eq. (2.40), we know that there are only two kinds of
2-connector bare vertices V¢ and V in this simple model, which describe the
possible interactions allowed to take place. Then the second step is try to group
the diagrams using Wick’s theorem and the basic rule that a particle has two
options: to interact or not to interact, see Chapter 9 of the Ref. [53]. Since, roughly
speaking, the initial density state is quadratic, the Wick Theorem is justified for the
interaction-picture form of the contour-ordered Green’s function and for a detailed
discussion about the Wick theorem, please refer to the Sec. 5.5 of the chapter 5.
The goal of the perturbation expansion method is try to build nonequilibrium
contour-ordered Green’s functions from the known ones, which in this model are

equilibrium contour-ordered Green’s functions, namely,

gowr (7, ) = =T ey (to) Toutl (7l ()]
5aa’ga (Tv 7—/) ) Q= La Ca R (242)

Let us first give a plausible reasoning for the perturbation study of G¢ (72, 71). On
the one hand, the external leg ul (73) can not be directly connected with the other
external leg ugs' (1) since g (79, 71) = 0. Instead, it can be connected to just one
of the two vertices V¢ and the summation of all the remaining connected part
simply contribute to a factor Goe (7, 71). On the other hand, the summation of
all the disconnected diagrams is equivalent to Tr | pi; (o) T.e i JeVidT | which

is simply 1. Taken together, see Fig. 2.2, the Dyson equation for Gp¢ (12, 71) can
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Figure 2.2: An illustration for the Dyson equation satisfied by G (72, 71).

be written as

Gro (12, 1) = / drgy (72, T) VCGeoo (1, 1) . (2.43)
c

Similarly, Gre (72, 71) satisfies the Dyson equation

Gre (12, 1) = / dTgr (T2, T) VCGeoo (1, 11). (2.44)
c

One should notice that the above equation Eq. (2.43) and Eq. (2.44) are also true
for the nonlinear center, since the extra nonlinear vertices introduced for the center

such as 3-connector vertex does not change the above reasoning.

More importantly, we can obtain a closed Dyson equation for Gge (72, 71). The
reasoning is like the following: on the one hand, the external leg ul (12) can be
directly connected with the other external leg uéT (11) to contribute a separate
term go (72, 71). Also, it can be connected to both 2-connector vertex V¢ and
VEC and the summation of all the remaining connected part simply contribute to a
factor Grc (7, 71) and Gge (7, 71) respectively. On the other hand, the summation

of all the disconnected diagrams is equivalent to Tr pr" ; (to) Tre i loVi (T)dT] and
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Figure 2.3: An illustration for the Dyson equation satisfied by Geoe (7o, 71).

contribute to a factor 1. Thus, see Fig. 2.3, G¢c (72, 71) satisfies

Goc (12, 1) = go (T2, T1) +/ drge (12, 7) (V" Gre (1, 1) + VO GRe (1, 1)) -
c

(2.45)
Combining Eq. (2.43), Eq. (2.44) and Eq. (2.45), an important closed Dyson equa-

tion for Goe (12, T1) is given as

Goe (19, T1) = go (T2, T1) +/ dT/ dr'gc (12, T) S (7, 7') Goe (7, 1) (2.46)
c c
with the total self energy to be

N(r, ) = Bp(r, 7)) +Br(r, ) (2.47)

= Vg (1, 7Y VEC 1 Vlgp (1, 7)) VEC. (2.48)

It is worth mentioning that the above three Dyson equations Eq. (2.43) and
Eq. (2.44) and Eq. (2.46) could be also obtained by equation of motion method, in

which the boundary conditions need to be properly considered, see, Eg. Ref. [54].
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2.2.4 The connection to conventional Green’s functions

After obtaining the contour-ordered Green’s function relevant to the problem and
specifying the ranges of variation of its arguments as mentioned before, we can get
four conventional Green’s functions: greater (>), lesser (<), time-ordered (), and
anti-time-ordered (¢) Greens functions, the respective component forms of which

are shown as:

G (ta, 1) = Gy (t3, t)) :—%(uf (t2) uf (t1)) (2.49)
Gii(tay ) = G (1. 47) = =1 (ufl (1) u] (t2) (2.50)

= O(ty —t1) ij (to, t1) + 0 (t1 — t2) ij (to, t1) (2.51)
- 7
G (te, 1) = Gty ty) = -7 <Tuf (t2) uy (t1))

= 0(ty —t1) ij (ta, t1) + 0 (t1 — t2) ij (t2, t1), (2.52)

where (...) = Tr [p™ (to) . . .| with respect to arbitrary initial density matrix p™ (),
the ordinary step function 6 (¢) = 1if¢t > 0and 0if ¢t < 0 and 1/2 if t = 0 in-
herited from the step function on the contour defined in Eq. (2.30). Notice that
when transforming from contour-ordered Green’s function to the four conventional
Green’s functions by specifying the range of variation of the contour-time argu-
ments, we have implicitly assumed that the total Hamiltonian does not depend
on the branch of the contour so that Ug (t2, t1) = Ug (t2, t1) appearing on the
Eq. (2.22). Thus the Heisenberg-picture operators on the real time in the above

definition for G>, G<, G*, G* are exactly the same as the definition in Eq. (2.8).
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Using the greater and lesser Green’s functions, we can define additional two conven-
tional Green’s functions, which are retarded (r) and advanced (a) Green’s functions

shown below:

Gy (t2, t1) = 0(t2 —t1) (G5 (ta, t1) — G, (f2, 1)) (2.53)
= 20t~ ) ([ul! (), uff (1)), (2:54)
GY (t2, t1) = —0(ty —t2) (G, (2, t1) — G (2, 1)) (2.55)
_ %e(tl—tz)<[uf(t2),ug(tl)p. (2.56)

In the case of equilibrium or nonequilibrium steady state for the initial density
matrix, the six conventional Green’s functions only depend on the time difference
such as G~ (ta, t1) = G~ (t2 — t1). Therefore it is helpful to introduce the Fourier-
transformation pair of Green’s functions, the convention of which throughout the

thesis is shown below:

Glw = / +Oodt(;(t)eiwt, (2.57)
+00 W )
G(t) = /_ %G[w]e—’wt. (2.58)

By virtue of the definitions of all the six conventional Green’s function, we can

show that

G' = G+G< =G +G", (2.59)

G'" = G--G"=G" - G". (2.60)

Since these relations are true in both frequency and time domains, we do not
specify the arguments of the Green’s functions. Notice that generally out of the

six Green’s functions, only three of them are linearly independent.
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If the system admits time translational invariance, retarded Green’s function and

advanced Green’s function are hermitian conjugate of each other, namely,
G [w] = (G" [w])'. (2.61)

Then in this case only two conventional Green’s functions are independent, which

can be taken as G" [w] and G [w]. Since we have the relations
G'-w] = G"[u], (2.62)

G [-w] = -G W]+ G [w]" =G [w]", (2.63)

the positive frequency part of the Green’s functions G" [w] and G=< [w] are com-

pletely sufficient.

Furthermore, in thermal equilibrium, fluctuation-dissipation theorem holds, which
says

G w] = f (W) (G"[w] = G* [w]), (2.64)

where f (w) = —z5— is the Bose-Einstein distribution function at inverse tempera-

ture 8 = kBLT So in equilibrium, there is really one independent Green’s function.

It has been already realized from Dyson equation that in dealing with the contour-

ordered Green’s functions, we often encounter convolution of the form
C(r,7)= / dr"A(r, 7") B (7", 7). (2.65)
c

The transformation rules from contour-time convolution equations to real-time

ones are generally named as the Langreth theorem. Corresponding to Eq. (2.65),
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the following rules are commonly used:

tm
cC () = / dt" A" (t, ") B<~ (t", t')

t
’ tm
4 / 4t A= (¢, ) B* (¢, ) (2.66)
t
tMO
Crat ) — / gt AT (¢, ") B (¢, 1)) (2.67)
to

Here we only show a sample proof:
C<(t,t) = C(tht7) = / dr"A(tt, ") B (7", t7) (2.68)
c

1373
— / dt"A(t, ") B (", 1)

to

t
+ / L' A (¢t ) B, ) (2.69)
tar

373
= / dt"A* (¢, t") B< (", 1)

to

tar B
— / dt" A< (t, t") B* (", 1) (2.70)

to

tyv
_ / 4" AT (8, ¢) + A< (1, )] B< (", 1)

to

_ / YA (4 ) B W ) — B )] (271)

to

ty
= / dt" A" (¢, t") B< (¢", ¢)

to

tar
+ / dt" A< (¢, ") B* (t", t') (2.72)

to
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Ct(t, t) =

¢ =

C(tth) = [ a7 B (o)
c

/ tM dt"A (%, ") B (¢"*, t')

to

t
+ / LA (¢t ) B (", ")

tyv

tamr
/ dt”At (t, t”) Bt (t//, t/)

to

tv
- [Caratw ey B

to

Cct—Cr

(A'B' — ASB”) — (A'B< + AB")
A'B' — A< (B” 4+ B") — A"B~
A'B' — A<B' — A'B~

(A" — A%) B' — A'B~

A"B' — A"B<

A"B"

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

In the final piece of proof, we have used self-explanatory short-hand notations.

And in the whole sample proof, the general relations between the six conventional

Green’s functions are heavily used. Moreover, we want to point out that the

Langreth theorem shown above can be readily extended to the frequency domain

and the case of the convolution integral involving more than two contour-ordered

Green’s function by method of induction.
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WW

a) two separate systems

(b) combined system

Figure 2.4: An illustration of how two finite independent systems at temperature
11, and Ty, both containing N particles are abruptly combined at ¢ = 0 into a
composite system containing 2N particles. The interparticle spring constant is ky

and the on-site spring constant is k.

2.3 Transient and nonequilibrium steady state in

NEGF

In the early stage, NEGF is mainly applied to study steady-state current. When
studying steady-state current using NEGF method, two heat baths at different
temperature driving the heat current are typically modeled by collections of infinite
harmonic oscillators. Frequently, see Ref. [49], we assume that steady-state thermal
transport could be dynamically reached from initial product state after sudden
switch-on of the coupling between the two heat baths. In this section we want
to explicitly examine this subtle assumption using a straightforward Heisenberg

equation of motion method.

We examine if, when, and how the onset of the steady-state transport occurs by
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determining the time-dependent thermal current in a phonon system consisting of
two linear chains, which are abruptly attached together at time ¢ = 0 [42]. The
analytical analysis appearing in the appendix of the Ref. [42] is my contribution,

much more detail of which will be given in the following.

Shown in Fig. 2.4(a) are the two separate linear chains. The interparticle spring
constant is k1 and the on-site spring constant is ky. The left and right chains
are initially in their respective thermal equilibrium with inverse temperature 5, =
1/(kpTy) and Br = 1/(kgTr) and both contain N sites. In addition, fixed bound-
ary conditions are used, wherein particles at the left and right edges are attached
to fixed walls. At time ¢ = 0 the chains are abruptly coupled with spring constant

k1, as shown in Fig. 2.4(b). Then the total Hamiltonian is written as
Hi = Hp + Hr + Hyp
with

2 al ﬁ% 1 — A ~\2 1 ~2 1 ~2
HL = — + §l€1 Z(.Tn_H — iUn) -+ éklxl + 5]61:15]\,

n=1

HLR = _kjliNi'N—&—l- (280)

And the initial density matrix is specified by
e R . e*ﬁLHL efﬁRﬁR
P (0) = pr ® pr = — ® — (2.81)
Tr (e—ﬂbHL) Tr (e—ﬂRHR)
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Now we introduce a new notation system to simplify the whole calculation:

(k| n)" = (n| k) =/ 2N2+ -sin (kn) (2.82)

(n| #) = &n, (2% n) = &F, (B| n) = Pu, (| B') = B}, (2.83)
(k| &) = &, (27| k) = 2L, (] k) = pr., (k] pT) = P}, (2.84)
where n = 1,2,--- 2N and k = 2N+1 j =1,2,--- ,2N. According to these

definitions, we have some useful results:

S (k] ) (] K) =6 (2.85)
> (0] k) (k| ) =6 (2.86)
i
2N-1
Z ((k| n+ 1) (n| K'Y + (k| n) (n + 1| k")) =2 cos kdp (2.87)
n=1
Or equivalently,
> in) (n] =1, (n| n') =0nw, (2.88)
Z k) (k| =1, (k| k') =6, (2.89)
k
2N-1 )
Z In+ 1) (n| + |n) (n + 1| =2 cosk, (2.90)
where k|k)=k |k), k = 55 , j=1,2,--- ,2N.
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In addition,

2N 2N

Hoo = 35 0 m) (nl 1) + 5 2 + ko) 0 (4!

n=1 n=1

(2 In 1) {n] + ) <n+1|> #)

n=1

n) (n| &)

1
_§k1 <53T

(Bl ) + 3 (2hs + ko) (51] &) — Sk (3] 208k [2)

N — Do —

1
57 + 5 (@] @ [2)

with w = \/le (1 — COS l;:) + k.

Solving Heisenberg equation of motion, we could obtain

sin (wt)

~

|z (t)) = cos(wt)|z) +

p')

(p)] = — (&M @sin(@t) + (p| cos (&1),

where (n |2 (t)) = 22 (t) and (p (t)| n) = pH (¢).

Moreover, we specify the initial correlation according to initial product state

which turns out to be

(#0,00) = bos ] o= (1+27°) Inz)
bl = bas(ml " (1 277) Ina)
(#50) = basbun

(Boil) = — 5 basbuan

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

ANt (O),

(2.96)

(2.97)
(2.98)

(2.99)
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where,
k. 1<n; <N
Bny = (2.100)
\ﬁ:@l_m N+1<n; <2N
ﬁﬁl 1<nm <N
Pny = (2.101)
Py N+1<n <2N
& k> - \/2k1 (1—cos/5)+k0‘/2>, (2.102)
- -
k= =1,2,---,N
N—f—]_’j Y Y )
for 1
1= o pe=LE (2.103)
<|12:> — 2 (k:) ~1,2,--- N (2.104)
n = N+1Sln n|,n=12, , V. .

We try to group the terms into two parts. The first part, which involves terms that
are proportional to the difference between the Bose distributions of the left and
right leads, becomes steady current in the proper limit specified later. The rest
of the terms constitutes the other part and are interpreted to be the fluctuating

contribution around the steady-current. The detailed steps are shown below:

IL(t) =~ <—det(t)>

:—k1< B (O NY IV + 1] w))> (2.105)

- — k1< {— (27| wsin (&t) N) + (p| cos (&t) |N) }

m} > (2.106)

sin (wt)

-{(N—I—1|cos(@t) |Z) + (N + 1] =
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Since

sin (wt)

~

< — (2| @sin (@t) [N) (N + 1|

P
+ (p| cos (Wt) [N) (N + 1| cos (wt) | ) >

2N 2N sin (@t)

=> "> (m|@sin (@t) |N) (N +1] - n9) (—Zn, Pny)

ni=1ns=1

2N 2N

+ Z Z (ny| cos (@t) |N) (N + 1] cos (&) [n2) (B, ny)
ni=1n2=1

2N

= > (ml@sin (@) |3 (8 + 1] D (__h>

w

ni=1

+ Z (nq] cos (Wt) |N) (N + 1] cos (wt) |nq) (_%)

ni=1

_ (_ﬂ) (N +1] (Sm <oAjt)a;sm (&t) + cos? (@t)) |N)

2 w

=0,

two terms ‘zp’ and ‘px’ inside Eq. (2.106) can be exactly canceled.

Defining
L X s
Rk =3 (K n) (g k:>
ni=1
\R 2N

(k] k> = 3 n1><n1—N‘/%>, (2.107)

n1=N+1

we can directly verify that (k |k )% = (k| k)" (—1)j+3, and (k| ko) (ks [N +1) =
(kL ko) (Re [N) (—1)270,

Thus the expression for the current Iy, (¢) can be separated into two parts, I} . (¢)
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and 1, (t), where the fluctuating contribution is

L) = Bl Y (fF + [+ 1)

k

<> (“’— - w—) sin (wit) (NJB) (k| )"

Wi, Wi

x> cos (wiyt) (K| k)" (ka| N)

ko odd

—hky Y (fE+ R +1)

k

(2.108)

Wi

30 (2 2 s nt) (V1) 41"

Wi, w
k even k k

X Y cos (wiyt) ( klka ) (ko N) .

ko even

and the steady-state contribution is

Iy, (t) = hky Z( P =)

Y (‘”’“ 2 s (ont) (VIR 41 )"

k even

X cos (wiyt) ( klkn )" (ka| V)

ko odd

— Rk > (fF - )

k

X Z cos (wit) (J\Wfﬂk”C >L

k even

(2.109)

x> (— + —) sin (wiyt) (k| ko) (ko| N .

kpodd \ k2

In the above, the summation for k extends over all N1 +1 for j = 1,..,N, the

2N .. .
summation involving “k even” is on k € {2 N1 oy J 18 even, and the summation

N . .
i _,» J2 is odd, and so on. The dispersion

: : 13 ” 3
involving “ky odd” is on ky € {2N+1 i
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[nW]
=
8
1

-200 @ |

current

0 50 10 130 200 250 @0 3 400
time [10™g

Figure 2.5: Plots of the current as a function of time when the left and right chains

are finite with lengths (a) N = 100 and (b) N = 50. The average temperatures

between the leads are 7' = 10 K (black line), 7" = 100 K (red (gray) line), and

T = 300 K (blue (dark gray) line). The temperature bias between the leads

a = 0.1. There is no on-site potential, i.e., kg = 0, and the nearest-neighbor spring

constant k; = 1 eV/A%u.

relation satisfied is w, = /2k; (1 — cos q) + ko, and fe= 1/(ef™% —1), a = L, R.
The sum in Eq. (2.107) can be carried out analytically, resulting in

—1

(2N +1)y/2(N +1) (2.110)

i (1Y
Xsin<kN)w

(NIE) (k| k)" =

cosk — cos k

A similar expression can be derived for ( k| ky)"(ks|N). Using Egs. (2.108) to
(2.110), the current can now be exactly calculated in computer time proportional

to O(N?).

Shown in Fig. 2.5 are plots of the current flowing out of the left lead when there is

no on-site spring potential. The length of the leads are both N = 100 in Fig. 2.5(a)
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[nW]

current

0 50 100 1%0 250 2%0 350 35‘30 400
time [10™g

Figure 2.6: Plots of the current when the on-site spring constant is ky = 0.1 eV /AZ%u
at 10% of the value of k; = 1 eV/AZu. The left and right chains have lengths
(a) N = 100 and (b) N = 50. the average temperature between the chains are
T = 100 K (green (lowest gray) line), 7" = 300 K (red (middle gray) line), and
T = 500 K (blue (upper gray) line). The temperature offset & = 10%. The dash
lines are the values of the steady-state current, corresponding to T' = 100 K, 300 K,

and 500 K, calculated independently from the Landauer-like formula.

and N = 50 in Fig. 2.5(b). The left lead initially has temperature 71, = (1 + )T,
where o = 0.1, while the right lead has initial temperature Ty = (1 — «)7. The
plots in Fig. 2.5 correspond to 7' = 10 K, 100 K, and 300 K. Notice that he overall
behavior is roughly periodic with a period proportional to the full length of the

chain due to the finite size effect.

Shown in Fig. 2.6 are plots of the current when ky = 0.1 eV/A2u, i.e., at 10% of the
value of k; = 1 eV /A?u. Also shown in the figure are dashed lines representing the
steady-state current calculated using the Landauer-like formula. We now see that

the current approaches a quasi-steady-state value and that this quasi-steady-state
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lasts longer for longer leads. Note, however, that the quasi-steady-state does not
last for more than 2t,, (t,, is defined to be the time when sound wave travels the left
or right chain). After time 2t,,, the waves or disturbances that have been reflected
back at the hard walls, which is at the edges of the leads, have returned back to
the interleads coupling and interfere with the other waves there. This results in

the current to begin oscillating wildly.

In the following, we recover the Landauer-like formula for the thermal current in
the large-size limit using Heisenberg equation of motion method directly. All of
the expressions derived at this point are exact. We now make an approximation in
order to extend our calculations for the steady-state contribution to large N and

eventually arrive at the Landauer formula.

Notice that in Eq. (2.110) and the corresponding expression for ks that the terms
involving k =~ k ~ ky would dominate the summation, especially when N ap-
proaches infinity. Consequently,

1 s
I, (t) ~ hky N+1Z(f,§—f,§) sin® k

ate
ate

cos k — cos ko

sm (W — Wiy) t}

(2.111)

-1
keven cosk — cos k

2N +
Zd cosk — cosk}}
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Let N — oo and then followed by t — oo, we get

1 1 sin (wj — w, ) ¢

(2N +1)2 ka (cosl% — CoS k2>

1 Z sin (wj — wi, ) t
N+ 4 2 2

ka — W5
%l /7r de( sin ((J.Jf€ — wkz)t
0

k

T Why — wl}) (wk’z + wl})
VAaki1+ko
Wi 1
- _ d 2 5 (w-
/\/% Wha sin kg (wk, + wg) (W = wi)
1
= — _ (2.112)
2sin k
Furthermore, we have
1 -1
lim -
N—oo 2N + 1 {kgn cosk — cosk
(2.113)

1 1
* Z —} - _Sin2]%

koddcosk—cosk

~ -~ N
for some k € {Nﬂ—il} , which can be directly verified by the software Mathemat-
1

ica. We then recover the Landauer formula
1

1 o
Loy =5 M1 g D (i = f) sink
F (2.114)
1 VAak1+ko . R
=5 dw hw (fH(w) = fH(w))
T J ko

the specific form of which can be also obtained from the application of Eq. (1.1)
on this model. Note in the above that the discrete summation over wavevector k
is converted into a continuous integration over the angular frequency w. Further-
more, we want to emphasize that although the on-site constant ky appears in the
expressions for both g4y, and lgue, its presence in the steady-state contribution
L4y does not prevent the contribution to approach a steady-state value in the long-

time limit. In contrast, the value of kg is crucial for the fluctuating contribution
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Tgyet to decay away. A zero kg would result in [i.,s having a strong time-dependent
zigzag-like behavior that dominates the total energy current at all times. There
would be no steady current flow even when N — oco. However, even a small on-site
potential, say ko/k; = 0.1, would result in the fluctuating contribution to decay
away in the long-time limit and leave only the contribution from the steady-state

term.
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Energy transport in coupled

left-right-lead systems

Generally in nonequilibrium state energy will transfer into or out of an open system
Hj, the notation of which remind us of the left lead of the whole system H;,; =
H;,+Ho+ Hgr+ Hrc + Hog we discussed in the last chapter. In order to describe
the energy transfer, we first consider the energy stored in the open system H at
time ¢, which is

Ep(t)="Tr [p™H (t)]. (3.1)
Then the energy current flowing out of the open system can be obtained as

dEL (1)

IL(t) = ——% :—HP

dt

}EﬁPWﬁmy (3.2)

where correspondingly we have defined the current operator I 2. whose Heisenberg-

picture form is just I ().
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Now we try to understand the ensemble average defining the energy current from
quantum histories point of view. With the specified initial density matrix p™, the
quantum histories used to study the energy current shown in Eq. (3.2) simply con-
sists of one-time events, which is expressed by the projectors onto the eigenstates

of the current operator I3
P = i) (gl , 17 |in) = irlic), (3.3)
D lin) Gl = 1, (3.4)
iL
where without loss of generality we assume the eigenstates are nondegenerate. A

realization of the history relevant to the energy current is given as Y = I ® P/-.

Then the energy current at time ¢ is obtained as

Ip(t) = > iPr(Y) (3.5)

ir

= YT [pWK(Y)TK(Y)} (3.6)
= iiLTr [P (to, t) P/“P/PU (¢, to)] (3.7)
- Tr [pim'U(to, 1) 15U (t, to)} (3.8)
= T [ if ()] (3.9)

which is consistent with the original definition in Eq. (3.2). In the derivation, we
have used the spectrum decomposition of the current operator I5 = >, tr i) (icl

and the property of the projector PP/t = P/*.

The family of the quantum histories we used to study the energy current is au-
tomatically consistent due to the orthogonality of different projectors defined in

Eq. (3.3), which is briefly shown as below:

Tr [pim'K W) K (Y’)} —Tr [,oimU (to, 1) P P2 (¢, to)] ~0 (3.10)
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for Y #Y".

Here for the simplicity of notations and discussion, we implicitly assume that the
eigenstates of the current operator are discrete, which normally is not true in lattice
systems. However for the case of continuous spectrum of the current operator, the
projector can be written as P;* = |iy) (iz|diy, which generally depends on the

accuracy of the ‘measurement’ diy,.

In this chapter, we study energy transport and present a generalized transmission
coefficient formula for the lead-junction-lead system, in which interaction between
the leads has been taken into account [43]. Based on this formula, the Caroli for-
mula could be easily recovered and a transmission coefficient formula for interface
problem in the ballistic system can be obtained. The condition of validity for the
formula is carefully explored. Also, an illustrative example is given to clarify the
precise meaning of the quantities used in the formula, such as the concept of the
reduced interacting matrix in different situations. In addition, an explicit trans-
mission coefficient formula for a general one-dimensional interface setup is obtained

based on the derived interface formula.
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Chapter 3. Energy transport in coupled left-right-lead systems

3.1 Formalism

3.1.1 Model system

We consider the lead-junction-lead model initially prepared in product state p (tg) =

e ALHL e—BcHC e PrRHR
Tr(e—ﬁLHL) ® Tr(e—ﬁch) ® Tr(e—BRHR)'

We can imagine that left lead (L), center
junction (C'), and right lead (R) in this model were in contact with three differ-
ent heat baths at the inverse temperatures 8, = (kgT.)™", o = (kgTe)™", and
Br = (k:BTR)fl, respectively, for time ¢ < ty. At time ¢ = ¢, all the heat baths are
removed, and coupling of the center junction with the leads and the interaction
between the two leads are switched on abruptly. Now the total Hamiltonian of the

lead-junction-lead system becomes
Hyw =Hp +He+ Hp+ Hro + Hor + Hig, (3.11)

where H, = %pgpa—l-%ugK YU, a = L,C, R represents coupled harmonic oscilla-
tors, and u, = /mz, and p, are column vectors of transformed coordinates and
corresponding conjugate momenta in region «. The superscript 7' stands for ma-
trix transpose. Hpc = vtV and Heor = ul V" ug are the usual couplings
between the junction and the two leads, which are certainly necessary to establish
the heat current. Now the new term representing interaction between two leads
Hip = usLRuR will greatly modify transmission coefficient, which is our main

interest.

It is worth mentioning that nonlinear interaction could be added inside the center
junction and dealt with using a self-consistent approach in the framework of NEGF,

which has been done by some authors [12, 55, 56].
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3.1.2 Steady-state contour-ordered Green’s functions

As was mentioned in the previous Chapter, contour-ordered Green’s functions are
the central objects in the NEGF formalism, among which the directly derived rela-
tion, say, the Dyson equation, could be readily transformed to all kinds of relations
among the real-time Green’s functions by the Langreth theorem [57]. Many inter-
esting quantities, such as the current we consider in the following subsection, could

be easily related to the proper real-time Green’s functions.

Steady-state contour-ordered Green’s functions are defined as
(e Z ~SS [0
Gl () == T {5 () T [uf ()] (m)| ooy B=L,C R, (3.12)

where p** (s) = U (s,to) p (to) U (to, s) is the steady-state density operator, in which
time s > t( introduced for convenience in later discussion could take any finite time
since the switch-on time ¢5 will go to —oo at the end in order to establish steady-
state heat current. u$ (11) = U (s, 71) u$U (71, 5) is the coordinate operator of jth
degree of freedom in region « in the Heisenberg picture and similarly for u,’f (T2).
The variables 71 and 75 are on the contour from time s to oo and back from oo to
time s. U (to, s) are the time evolution operators of the full Hamiltonian. 75 is the
contour-ordering superoperator. There is a strong assumption here which is all we
need in the whole derivation, where we assume steady state could be established
from initial product state after infinite time so that all the steady-state real-time
Green’s functions depend only on the difference of the two-time arguments. This
intuitively reasonable assumption is not always guaranteed and in the Sec. 2.3 of
the last chapter we have carefully examined if, when, and how the onset of the

steady-state occurs using a specific example.
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After ty — —oo , s — t§, and transforming to the interaction picture, where the
total Hamiltonian H,,; is separated into the free part Hy = Hyp + Ho + Hgi and the

interaction part H;,,; = Hyc + Hor + Hpr, we obtain

quﬁ (7—1’ 72) =

J

4 ~ -4 Mdr
= 2T {p(—o0) T, [ M0 g () ()]} (3.13)

(3

where u§; (1) = enfomufe”#M0™ is the operator in the interaction picture and

similarly for u?k (12) and H., (7). Now the variables 7; and 7, are on the Keldysh

int
contour [58, 59] K from —oo to oo and back from oo to —oo. Expanding the
exponential to perform a perturbation expansion and using Feynman diagrammatic

technique, we can obtain Dyson equations for G* (1, 7), a, 8 = L,C, R such as
Gic;'L (Tla 7—2) -

Z/ drg (1, 7) VS GEY (7, 72) + Z/ drg (r, 7) ViSEGE (1, 72). (3.14)
Iln K In K

All these Dyson equations could be symbolically lumped into a compact matrix
expression,
G=g+g¢gVG =g+ GVyg, (3.15)
GLL  GLC (LR g= 0 0 0 VLC VLR
where G = |GCL GCC GCR|,g= 10 ¢ 0|,V =|VveL (o VOR

GRL (GRC (GRR 0 0 g¢® VRL VRC
VT = V), and
i g PaHa
95k (11, 72) = —ﬁTr {WTC [u‘}‘J (11) ug (Tg)} } , (3.16)

a = L,C, R are equilibrium contour-ordered Green’s functions for the free subsys-
tems, which are easy to calculate directly. No approximation is needed here, since

the coupling H;,; is quadratic.
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3.1.3 Generalized steady-state current formula

Certainly, heat current flowing out of the left lead in steady state does not depend
on time and based on its definition I3* = —Tr [p* (s)dHy (t)/dt] for t > s, we

could simply obtain

s — _ /Oo deo ho Tr (VG [w]) )]

o 2T
> d
— [ ST (VG ). (3.17)

where (VG< [w]),; denotes the LL part submatrix of VG< [w].

Observing the structure of Tr [(VG*< [w]);;], we note that the size of the G< [w]
making nonzero contribution to I;° is completely determined by nonzero entries
in the symmetric total coupling matrix V. So we do not need the full G< [w]
which is an infinite matrix due to the two semi-infinite leads. According to this
observation, we choose the reduced square matrix G, [w] to be the corresponding
submatrix of G< [w] determined by the row indexes of nonzero row vectors of
coupling matrices VEC VEE VEC VVEL plug full center part row indexes inside
the total coupling matrix V for the rows of G, [w], and the column indexes of
nonzero column vectors of coupling matrices V%, VEE VR VIR plys full center

part column indexes inside the total coupling matrix V' for the columns of G, [w].

In order to calculate the lesser Green’s function G, [w], a closed Dyson equa-
tion for reduced contour-ordered Green’s function G,..q (71, 72) is needed. Equation
(3.15) is the starting point, and it is also true that Geq = grea + GreaViedGred, where
Jreq 1s similarly defined as G,y and V.4 is the submatrix of original V' after cross-

ing out all the zero column and row vectors except for the possible zero vectors
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whose row or column indexes are the center (junction) ones. Actually, G,.q is the

corresponding submatrix of G just like V4.

From now on, for notational simplicity, we omit the subscript red of all the steady-
state Green’s functions and all the coupling matrices with the understanding that

these matrices are of finite dimensions.

Using the Langreth theorem [57] and Fourier transforming the obtained real-time

Green’s functions, we can get

G~ [w]
—ifiTpfw] 0 0
=G" [w] 0 0 0 G [w], (3.18)
0 0 —ifpl'r[w]
where
fum=i| () - (k). (319

sur,a

g; " is the advanced surface Green’s function for the left lead coming from the
corresponding part of the advanced reduced Green’s function g2 ,, and similarly
for the retarded one. This new function plays an important role for our generalized
Caroli formula and for an interface formula, derived below. Here, fluctuation dis-
sipation theorem g3 [w] = fa [w] (g5 — ¢%), a = L,C, R, has been used as well as
(9&) "= (g&)~" = 0, which is responsible for the vanishing of junction temperature

dependence of the final steady-state current formula.
Substituting Eq. (3.18) into steady current expression (3.17), we easily obtain

[ T (T[] + ST [4]). (3.20)

oo 2m
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where
Tl [W] - ZTI" (vLchLfLG%L + VLRG%LfLGaLL> P (321)
T [w] = iTr (vLCGgRFRGgL + vLRG;{RfRG;;L) . (3.22)
Again applying Langreth theorem and Fourier transform to the corresponding re-
duced one of Eq. (3.15), we get G5 = G4, VERgH™ + G VORGE™ and G4 =
~ N\ T
Go, VECga 4 Go VEC g Using the relations such as (G&,)" = G4, (FL) =
I, (where the superscript 1 stands for transpose conjugate), we obtain

T [w] + TF [w] =Tt (GgLfLGzRfR> , (3.23)

In deriving it, the cyclic property of the trace was used. Following similar steps,

we get
Ty [w] + T3 [w] =Tt (G%LfLGngR) , (3.24)

Because I'Z =T, o= L, R, (G%;)" = G, and (G%, )" = G2 . it is easy to show

that T + Ty = — (T2 + T5) . Now we define the general transmission coefficient
T [w) =T) [w] + T7 [w] = Tr (GgLfLGngR) . (3.25)

Since current is certainly a real number, and this property has been kept in the

whole derivation, we have [}* = %(Izs +17) = 3 L[ o Te (W] (fr — fr)-

oo 2m

According to the definitions of retarded and advanced Green’s functions in the fre-

. . T
quency domain, we know G%; [—w] = (G » [w])" and Cinry [—w] = (—F{LR} [w]) :
Together with f1 [—w] — fr[-w] = —fr [w] + fr[w], we see that the integrand is

even in w; steady current I7° can be simplified further to the final expression

Iy = /O X oo o] (1~ fr) (3.26)
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Thus, it is the same as expected that the Landauer-like formula still applies to
this general case, taking lead-lead interaction into account. This Landauer-like
formula with the explicit general transmission coefficient expression (3.25) is the

contribution in the thesis.

Now we need to know how to calculate G’ ;; for specific applications. According to

the corresponding reduced one of Eq. (3.15), we can obtain a closed equation for

2R7
Lr =LV G+ gLV GV G, (3.27)

where ¢, = ((g5") ™" = VeCgrVe) " a = L,R, and (VRL’T> = VLR =
VLR 4 VICoryCR - Since G%, = (G5,)', now all the quantities necessary to
obtain general transmission coefficient Tz could be expressed in terms of retarded
or advanced form of submatrix of g,.4 and submatrix of V.4, which are both easily

obtained.

3.1.4 Recovering the Caroli formula and deriving an inter-

face formula

First, we recover the Caroli formula for transmission coefficient. In this case, cou-
pling between the two leads VX% has been assumed to be 0. Thus, similar to
what we did in Subsec. 3.1.3, we could easily derived G, = ¢;"""VICGL, =
gy ey VORGET  Together with G%;, = (G7 ), we could immediately ob-

tain from formula (3.25) that T [w] = Tr (G%TrGLATL), where Ty = iV EE (g7 —

sur,a

g;""") VL and similarly for I'g. Here, we should remember that all the quantities
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inside the trace now are reduced ones. However, it is still equal to expression (1.2),
in which all the quantities could be the full ones, taking the trace operation and
the reducing procedure for G and V' into account. Method for calculating 7" [w] and
applying this efficient formula to specific applications have been stated by many

authors, e.g. [49].

Now we derive an interface formula still based on formula (3.25). By interface
we simply mean that the left lead and right lead have been connected directly
and the center junction has been removed. Mathematically, we know V& = 0
and V¢ = 0 in this situation. Consequently, G}, = g, VIEG,, and G%; =

(Gr ) = GapVELg ™ Straightforwardly, we get the transmission coefficient

formula in this interface problem [60]
Ty [w] =Tt (G;RFRG%RFL) . (3.28)

In order to apply this formula, still we need a closed equation for G, which could

be simply obtained to be

sur,r sur,r

%RZQR + 9r i’i %R) (3-29)

where the reduced retarded self-energy is given by 35 = VL gs /LR,

3.2 An illustrative application

The illustrative example is a one-dimensional central ring problem, in which there
is only one particle in the center junction connected with two semi-infinite spring

chain leads, see Fig. 3.1(a). In this model, the interaction between the two nearest
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Pkt

(b) after repartition

Figure 3.1: An illustration of the model (a)before and (b)after repartitioning the
total Hamiltonian. The temperature of the left lead and the right lead are main-
tained in Ty and Tx respectively. The interparticle spring constant is k; = w?

and the on-site spring constant is kg = w3. The coupling between the two lead is

Bl = pw?.

particles inside the two leads also exists and is taken into account as VZ#. Thus, the
form of the total Hamiltonian is the same as in Eq. (5.1) with K§, a = L, R being

the semi-infinite tridiagonal spring constant matrix consisting of 2w? + w? along

the diagonal and —w? along the two off-diagonals, K¢ = 2w? + w?, VL{ = —w?,
VOR = —w? and VEE = —pw? where 3 is the coupling strength between two

leads. The on-site potential term w? is necessary in establishing the steady-state

current dynamically. In this simple case, there is an analytical expression for

gao" W], @ = LR, which is g}¢" = AW A = (= Q2 — 4wt/ (2wd),

where Q = (w4 i0")* — 2w? — w2 and the choice between the plus or minus sign
sur,r

depends on satisfying [A\;| < 1. Also, g5 [w] = 1/€Q. After all these preparations,

the transmission coefficient is simply calculated by the formula (3.25).
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An alternative method to deal with this problem was suggested by Di Ventra.
Essentially we repartition the total Hamiltonian so that interaction between leads
is absent, see Fig. 3.1(b). Thus, in this model, the form of the total Hamiltonian

is still the same as in Eq. (5.1) but with

2w? + wi —w? —Pw?
EC=| -2 2?2+u? -u? |, (3.30)
—Bwyi —wi 2w 4w}
Vg = {—w% 0 0} : (3.31)
0
ver=1o0 |- (3.32)
—w%

Since now VL =0, we can use either the Caroli formula (1.2) or the general one
(3.25) to calculate the transmission coefficient. The results of the two methods
are compared in Fig. 3.2. It turns out to be that the results of the two methods
are the same, which justifies the suggestion of Di Ventra from the NEGF point
of view in this example. For § = 0, perfect transmission (7'[w] = 1) is reached.
From Fig. 3.2, we notice that the transmission decreases with increasing coupling
strength between the two leads, which is very typical for transmission with bro-
ken translational invariance. Also, roughly speaking, the new peak in Fig. 3.2(d)
originates from the interference of the two waves coming from the two different

paths.

Probably a much more efficient way to calculate the transmission coefficient in this
type of noninteracting problem is to use the interface formula (3.28). Frequently,

the surface Green’s functions become complex when we separate the total system
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1 1
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0.8
0.6
0.4
d
0.2 @
- o
ww

Figure 3.2: The transmission coefficient 7" [w] as a function of frequency for coupling
between leads (a) = 0.2, (b) 5 =04, (c) = 0.6, and (d) 8 = 0.8. The results
was calculated directly (red solid line), and by repartitioning the total Hamiltonian

(blue circles). wp = 0.1w; in all cases.

62



Chapter 3. Energy transport in coupled left-right-lead systems

into two parts in order to apply the interface formula. However, there are some
efficient algorithms for surface Green’s functions see, for example, Ref. [49]. Now

we show a specific application of the interface formula (3.28).

3.3 Explicit interface transmission function for-

mula

In this section we derive an explicit expression for the transmission function 77 |[w]
using Eq. (3.28) for the single interface setup; that is the left and right lead are

directly connected and the center part is removed.

Let us consider that the normalized force constants for left and the right leads are
w? and w3 respectively and the normalized interface coupling strength is wi,. Also,
on-site potential wi to all the atoms exists to ensure that the steady state could
be established dynamically. This is a quite general scenario for a one-dimensional
harmonic chain, which is useful for the study of interface effects. One of the force
constant matrix, say K%, is equal to K} + AK, where AK is the semi-infinite
matrix with only first element being nonzero AK;; = w}, — w? while K} is the
same as defined in the last application. The same holds for K with w? replaced by
w3. In order to obtain the explicit form, only inputs that are required are retarded
surface Green’s function g2""" for both the leads. ngg Y in Eq. (3.28) can then be

easily obtained from these expressions.

Let us calculate the surface Green’s function for one of the leads, say, the left lead.
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Then for the right lead it can be obtained by replacing w? with w3. The surface
Green’s function for a semi-infinite lead when all force constants are the same is
given as before, that is g7y For this interface case, we can obtain the surface
Green’s function as follows. The retarded Green’s function for the left lead satisfies
the following equation
[(w+i07)* — K"]g} = I. (3.33)
Taking K = KF + AK into account, and using AK as a perturbation, we can
write
91 = 9ro + 9L0AKYL. (3.34)
Since in this case only first atom of the left lead is connected with the first atom

of the right lead, the retarded surface Green’s function of the left lead is just the

(1,1) — th element of g7 and we obtain

1
A T WA (3.35)
wi — Wiy — wi /A1
and the self-energy for the lead is given by
Wiy

o= (3.36)

wi —wiy — wi/Ar
Knowing this surface Green’s function and self-energy, we can easily obtain 77 [w]

from Eq. (3.28), which can be written as
wiwjwis (A — AT (A2 — A7)

PR
’(W% - W%Z - W%//\ﬁ(w% - W%Q - W%/)Q) - W%2|

Trlw] = — (3.37)

where ), is similarly defined as A; with w; replaced by ws. We note that it matches
exactly with the result in Ref. [61], where this expression is obtained from a wave-
scattering method. Now if w? = w3 = w?,, then we have perfect transmission (i.e.,

Tr[w] = 1 for w within the phonon band w? < w? < 4w? 4+ w? and 0 outside this
0 i 0

region).
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3.4 Summary

We examine the heat current in a lead-junction-lead quantum system, in which
coupling between the leads has been taken into account. After assuming an ideal
steady state could be established from initial product state, we rigorously derived
a general Landauer-like formula in the NEGF framework, from which the corre-
sponding transmission coefficient was obtained. Based on this general transmission
coefficient formula, Caroli formula was recovered and a computationally efficient
interface formula applicable to the case in which the total noninteracting Hamil-
tonian could be repartitioned was derived. Also an illustrative example was given
as both verification of the validity of the repartitioning procedure which does not
affect the steady current value, and clarification of the meaning of some quantities

used in the formula, such as V¢, in different situations. Finally, we derived an

red
explicit transmission coefficient formula in a general one-dimensional interface sit-
uation based on the interface formula, which turned out to be perfectly consistent

with result obtained by the wave-scattering method.
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Chapter 4

Distribution of energy transport

in coupled left-right-lead systems

In this chapter, we first briefly discuss the general theory of large deviations. Then
based on two-time observation protocol (two-time quantum histories), we consider
heat transfer in a given time interval ¢j; in lead-junction-lead system taking cou-
pling between the leads into account. In view of the two-time quantum histories,
consistency conditions are carefully verified in our specific family of quantum his-
tories. Furthermore, its implication is briefly explored. Then using the nonequi-
librium Green’s function method, we obtain an exact formula for the cumulant
generating function for heat transfer between the two leads valid in both transient
and steady-state regimes. Also, a compact formula for the cumulant generating
function in the long-time limit is derived, for which the Gallavotti-Cohen fluctu-

ation symmetry is explicitly verified. In addition, we briefly discuss Di Ventra’s
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repartitioning trick regarding whether the repartitioning procedure of the total
Hamiltonian affects the nonequilibrium steady-state current fluctuation. All kinds
of properties of nonequilibrium current fluctuations, such as the fluctuation the-
orem in different time regimes, could be readily given according to these exact

formulas.

4.1 Large deviation theory

The large deviation theory in terms of its mathematical version was initiated by
Cramér [62] in the 1930s. Later several authors, such as Donsker and Freidlin [63,
64], contribute a lot to the development of this topic. For a thorough understanding
of large deviation theory, one can resort to the books in Refs. [65, 66]. The brief

discussion in this section mainly follows Touchette [67].

The theory of large deviations is concerned with the exponential decay of probabili-
ties of large fluctuations in stochastic processes. The cornerstone of large deviation
theory is the so-called large deviation principle. For our purpose, the large devia-
tion principle is restricted to the situation as below: Let A; be a random variable
indexed by the positive integer ¢!, and let Pr (A; = a) be the probability that A,

takes on a value a. In case that the value a the random variable A; can take on is

!The label ¢ here stands for an integer number while for our purpose it means time, which

certainly is real. The contradiction will be compromised when later ¢ becomes very large.
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continuous, then

.
)
s

I
&
Il
g
-
&

€ [a, a + dal) (4.1)

= p(A;=a)da (4.2)

with p (A; = a) being the probability density of A;. We say that Pr (A; = a) sat-

isfies a large deviation principle with rate function I (a) if the limit

lim —lln Pr(A;=a)=1(a) (4.3)

t—oo T
exists. For convenience, we introduce the sign “<” and interpret it as expressing an
equality relationship on a logarithmic scale; that is a; =< b; means lim;_, %lnat =

limy oo %lnbt. Thus, alternatively, we can use
Pr (A, = a) < e Wdq (4.4)

to mean that Pr(A; = a) satisfy a large deviation principle, where we implicitly

assume that A; is a continuous random variable.

The theory of large deviations can be considered as a collection of methods de-
veloped to establish the large deviation principle for a given random variable if it
exists and further derive the expression of the associated rate function. A funda-
mental result of large deviation theory known as the Gartner-Ellis theorem can

solve these two problems.
The Gartner-Ellis Theorem

Consider a real continuous random variable A; parameterized by the positive inte-

ger t, and define the (scaled) cumulant generating function of A, by the limit

A (k) = lim %m (A0 (4.5)

t—o00
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and

(et = /_+OO e (A, = a) da (4.6)

(e}

with the parameter £ being real.

The Gértner-Ellis theorem claims that, if A (k) exists and is differentiable for all

k € R, then A, satisfies a large deviation principle, i.e.,
Pr(4; = a) < e @dq (4.7)
with a rate function given by

I(a)= ?Elg {ka — X(k)}. (4.8)

Where the mathematical symbol “sup” stands for “supremum of”.

In the following we give a plausible proof for the Gartner-Ellis Theorem. Let
us assume that the real random variable A; (w) is a function of ¢ real random
variables w = (w1, wa, ..., w;). Denoting by p (w) the probability density of w, the
probability density of A; can be given as
(A (@) = a) = / 5 (A () — @) p () du. (4.9)
%t

Employing the Laplace transform representation of Dirac’s delta function

1 b+ico
5(a) = —— / c€0de, Wb € R, (4.10)
b

DY
the probability density of A; can be written as
1 b+ico
p(A (W) =a) = —/ eSede [ e @p (W) dw. (4.11)
b

21 Jy_ino Rt

Performing the change of variable £ — t£, and notice that we have assumed

/ AN () du = (M) < N (4.12)
Pt
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with A () being differentiable, we can write

b/t+ico
p(A;=a) < /b/ deetEa=AE), (4.13)
t—ioco

Choosing a proper parameter b so that the contour goes through the saddle-point

& of £a — A (€), then using the saddle-point approximation, we can obtain
p(Ay = a) < e 1Ea7AE), (4.14)

Furthermore, assuming that A (§) is analytic, then £* is both the unique minimum
of £a — A (&) along the contour, which runs parallel to the imaginary axis from
£ =& —ioo to & =& +ioo, and the maximum of £a — A (§) along the real axis.

Therefore, we can get

lim —%lnp(At =a)=sup{&a— A (§)}. (4.15)

t—o0 ceER

It is interesting to notice that the cumulant generating function A (k) is always

convex: Considering Holder’s inequality

Z|yzzz| < (Zlyi|1/p) <Z|Zz‘|l/q) (4.16)

with 0 <p, ¢ <1, p+q =1, and setting

y; = [Pr(a;)]® et (4.17)
5= [Pr(a)]' 7" etk (4.18)
p = « (4.19)
¢ = l—a (4.20)
a € [0, 1],
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we can get
(Z Pr(a;) e””‘“) _ (4.21)
N i
In <et[ak1+(1_°‘)k2]‘4t> <aln <etk1At> + (1 —a)In (e (4.22)
Hence,
aX (k) + (1 —a) A (k) > Aok + (1 —a) k2) . (4.23)

4.2 Model and consistent quantum framework

for the study of energy transport

We consider the lead-junction-lead model initially prepared in product state p™ =

e BLHL e—BcHc —BrH R

Tr(e’ﬁLHL) Tr(e CHC) TE
(R

Ry We can imagine that left lead (L), center
junction (C'), and right lead (R) in this model were in contact with three different
heat baths at the inverse temperatures 3y, = (k;BTL)_l, B = (kBTC)_l, and fr =
(k:BTR)*l, respectively, for time ¢ < 0. At time ¢ = 0, all the heat baths are
removed, and coupling of the center junction with the leads Hyc = ul V*Cus and

Hep = ugVCRuR and the lead-lead coupling term Hpp = usLRuR are switched

on abruptly. Now the total Hamiltonian of the lead-junction-lead system becomes
Hyw =Hp + Hec+ Hrp + Hpe + Hor + Hig, (4.24)
where H, = %pgpa—l—%ugK U, o = L,C, R represents coupled harmonic oscil-

lators, and u, = /mz, and p, are column vectors of transformed coordinates
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and corresponding conjugate momenta in region «. The superscript T' stands for

matrix transpose.

In order to extract information on heat transfer, we introduce a two-time observa-
tion protocol in the process of the evolution of the system; that is, at time t =07,
we carry out the measurement of energy of the left lead associated with the opera-
tor Hj, obtaining the result to be the eigenvalue a of Hy, and measure it again at
time t = ), obtaining the eigenvalue b of Hy, [68]. Here the measurement is in the
sense of quantum measurement of von Neumann [69]. This quantum history [39],
that is a sequence of quantum events at successive times, is represented by the
product projector Y = P ©® Pth’ where ® is a variant of the tensor product sym-
bol ®, emphasizing that the factors in the quantum history refer to different times,
and F§ is the projector on the energy eigenstate of Hp, with energy a measured
at time t = 07, similarly for P? . And the corresponding chain operator K (Y)
is given by the expression K (Y) = PP U (ta,07) P~ in the case of a quantum
history Y = B~ © Ptl;u involving just two times, where U (¢)7,07) is the time evo-
lution operator of the full Hamiltonian H,;,;. Then according to the discussion in
the Sec. 1.3 of the Chapter 1, the joint probability distribution for the quantum
history Y is

Pr(Y)=(K'K)=Tr {p"K'K}, (4.25)

where the superscript T stands for the transpose conjugate and from now on the
angle brackets (...) simply denotes an ensemble average with respect to p™. Here
it is worth mentioning that this scheme for the joint probability distribution could

be readily extended to many-time measurement.
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Taking the commutator [p™, P2 ] = 0 into account, we can verify that consis-
tency conditions (K (Y), K (Y')) i = Tr { P (V) K (Y’)} —Oforall Y £V
are fulfilled, which guarantees that we are working with a consistent quantum
framework. This observation, on the other hand, has explained why we prefer the
initial direct product state p in this thesis. The consistent quantum framework,
combining the axiom of probability, especially the additivity of the probability of
disjoint events, with the Born rule of the quantum theory, is crucial to understand
the probability aspect of the quantum theory [39]. Now we want to gain some
insight into the specific consistent quantum framework we study from the thermal

transport point of view.

As we will consider later, in order to study the probability distribution function
for the processing quantity heat transfer during the time ¢,;, we introduce the
corresponding generating function (GF), defined as
Z@©)=) Mpr (P op,), (4.26)
a,b
where the summation for a and b extends over all the eigenvalues of Hy, [4]. Then
based on this definition, we simply take the derivative of Z (§) with respect to i§

and then set £ = 0 to obtain the average heat transfer out of the left lead L,

Qr(ty) =Y (a—b)Pr (P o P (4.27)
a,b
= Tr[p™H] — Tr [p™U (07, ta) HU (t4,07)] (4.28)

where the properties (Pél)2 = Py and ) Py =1 for the projector Py, and
similarly for P? = are used. Also, we use the key relation [p™, Pg-] = 0, which

assures that we are working with a consistent quantum framework. Thus, we
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immediately realize that

dQL_“M):_<dHL_<tM)>, (4.29)

dt dtn

of which the right-hand side is just the natural definition of thermal current I,
out of the left lead at time ¢t = t;;. We must emphasize that, if the initial density
matrix does not commute with Fg, such as a steady-state density matrix, so that
the framework we work with is not consistent, then the thermal current deriving

from GF for the heat transfer will not be equal to the natural definition of it.

4.3 Cumulant generating function (CGF)

As was mentioned before, we proceed to study the GF for the heat transfer out of

the left lead. According to the definition of the GF in Eq. (4.26), we can obtain

Z(&) = (Uep2 (07, tar) Ugyo (ta1,07) ), (4.30)

where U_¢/9 (ta,07) is an evolution operator associated with the modified to-
tal Hamiltonian Ht_of/z = /DU, e~ YDHL - and similarly for Ug/e (07, tar).
Transforming to the interaction picture with respect to the free part of the modified

total Hamiltonian Hy = H; + Ho + Hg, the GF for the heat transfer becomes

Z(§) =

<T7-6_% ]C dTﬂ{(hIT-f—T) (VLCﬁC(T)—I—VLR?lR(T))—&-ﬁg(T)VCRﬂR(T)> , (431)

where T, is a T-ordering operator arranging operators with earliest 7 on the contour

C' (from 0~ to ty; and back to 07) to the right, and a caret is put above operators
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to denote their 7 dependence with respect to the free Hamiltonian such as 4¢ (1) =

He Her

eifloTygem#HeT and x, = —&/2 with 7 = t* on the upper branch of the contour

C, while x, = +£/2 with 7 =t~ on the lower branch.

The key step to evaluate GF is to rewrite the exponent in Eq. (4.31) as

) 1
—i/dTldTQ—U,T (1) V (11, 72) u(72), (4.32)
Bl 2
where
o (1) = [ (ha 7). (), )] (439
0 VLC VLR
Vim,m)=|VCeLl o VOR|§(m,m), (4.34)
vRL vRC 0

(VT (7'1,7'2) = V(Tl,72)> .

Here the generalized d-function 6 (71, 72) is simply counterpart of the ordinary Dirac

delta function on the contour C, see, for example, Ref. [49].

Then expanding the exponential to perform a perturbation expansion and employ-
ing Feynman diagrammatic technique, especially Wick’s theorem and the linked

cluster theorem, the CGF for the heat transfer can be obtained to be

1 — 1 o
2 () =3 > T |+ (Vo) (4.39
n=1
1 — 1 .
=5 2_ TG |- Veeadiea) (4.36)
n=1
1 7~
= - §TI' In (I - V;"edgred> ) (437)
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where in the first equality

g9* (11, 72)
g* (hay, + 71, hay, +72) 0 0
= 0 g% (11, 72) 0 ; (4.38)
0 0 g% (11, 72)

with the equilibrium contour-ordered Green functions

(0% Z e_ﬁaHa ~Q ~Q
i (T1,72) = — rks {WTT [ag (1) ag; (Tz)]} , (4.39)

a=LC R

and the notation Tr(; -y means trace both in real space index j and contour time 7
such as Tr(; ;) [Vg*] = [, dn [, drTr; [V (11, 72) g* (72,71)]; in the second equality,
considering the structure of the last expression, instead of the full matrix we only

need the finite reduced ones, which make all the contribution to In Z (¢), and

0 Vi Vil
Vied (T1,72) =0 (11,72) |VCE 0 VR (4.40)

Viei Vier 0
is the generalized d-function ¢ (71, 72) times the reduced total coupling matrix ob-
tained by deleting all the zero column and row vectors of the full one except for
the possible zero vectors whose row or column indexes are the center (junction)
ones, and g7, is the corresponding submatrix of ¢g* just like V,..4 of V; in the third
equality a tilde above matrix means discretized contour-time version of the cor-

responding quantity such as [§7,,] = [g7.qly,, (75, 7;) dT; with an evenly spaced

il,Tin

grid 7; and 7; along the contour C' and [ is the identity matrix.
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Introducing the Dyson equation

G (7,7
=g (T,T')+/d7’1/d7'2g (1,7)V (11, 72) G (12, 7") (4.41)
C C
=g (T, T/)+/d71/dT2G(7', )V (11,72) g (12, 7'), (4.42)
c c
which actually defines
GLL GLC GLR
G=|qcL qc¢ @GOR (4.43)
GRL GRC GRR

=0 (

based on g (1,7") = ¢"=" (7, 7'), we easily realized that

éred :gred + gred{/redéred (444>

:gred + éred‘N/redgred (445)

still holds. From now on, for notational simplicity, we omit all the subscripts red
with the understanding that these matrices are of finite dimensions in the real
space domain. Thus, employing Eqs. (4.44) and (4.45) along with the equality

Trin A = Indet A, we obtain

1
InZ () = . Indet (I —d), (4.46)
Gee Gor| |yer
i=[re vud "
CIRC (YRR | {7RL
where g7 is the discretized contour-time version of g7 (11, 70) = g~ (hx,, + 71, has, + 7o) —

gL (71772)-

If we introduce ;' satisfying §;'g, = I and employ Egs. (4.44) and (4.45), we
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can simplify the CGF for heat transfer further to be
1 1 (A =\ ~l1~
InZ () =- ilndet ([ — gt (GLL — gL> gﬁgf) : (4.47)

which is valid in both transient and steady-state regimes.

4.4 The steady-state CGF

Now, we proceed to evaluate the long-time limit of the CGF in Eq. (4.47) called
the steady-state CGF. Transforming Eq. (4.47) from contour-time to real-time and

then using the Keldysh rotation, which is essentially an orthogonal transformation

that
y A(tht) A(tf,t,
At ts) =070, (6) Al5) (4.48)
Aty t3) A(ty.ty)
AT (t,ty)  AF (1t
= _(1 ) AT (0 to) (4.49)
AR (t,ty) A% (t1,ts)
with
o= L'} (4.50)
V2 ~1 1 '
and the Pauli z matrix
1 0
0, = (4.51)
0 —1

appearing due to the transition from contour time to real time, see Ref. [31], we

then obtain

In Z (&) :% Z Tr(j [% (é;l (éLL _ §L> 5??2‘) n} (4.52)
n=1
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where the notation Tr(;,) means trace both in real space j and real time ¢, such as

Tr(j7t) (/ié) = JM dt1 JM dt2Trj [;1 (tbt?) é(tQ’tl) ’

Before proceeding, we must point out that all kinds of real-time versions of the
contour-time Green’s function G (7, 7’) defined in Eqgs. (4.41) or (4.42) are not nec-
essarily time translationally invariant so that G (¢, ') may not simply depend on
the time difference t — t. However, in the long-time limit, i.e., t3; — oo, the time
translationally invariant part obtained from the lowest order of the Wigner trans-
formation will dominate the CGF [57]. It is equivalent to saying that GLL (t,t') =
GEL (t — 1) is time translationally invariant in the long-time limit (higher order

terms of the product of the Wigner transformation have been ignored).

Consequently, by setting ¢); — oo, and Fourier transforming Eq. (4.52), we get

In Z (€)
1 > d .
— ity / ™ 1n det (1 - (gglGLL - 1) gglgg‘> , (4.53)
2 oo 2T
where,
r K r K
91 9 Ny G
o= L ar= T (4.54)
0 g1 0 T
5 11la—b a+b
—a—b —a-+b

are all in frequency space.
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To further simplify the steady-state CGF in Eq. (4.53), we use the formula

A B
det = det (AD — BC) (4.56)

C D

in case of [C, D] = 0 to reduce the dimension of the matrix inside determinant by

half. Therefore, the steady-state CGF is given by

InZ () = —tM/OO Z—:lndet {I—Tg[w]

x [(e" —1) fr (L4 fr) + (7™ = 1) fr(1+ f1)] } (4.57)

where Tg [w] =G} ;T RG%, T, with

f‘{L,R} =1 [(Q?L,R})il - (QT{AL,R})il} (4.58)

is the transmission matrix and fi, ry = {exp (ﬂ{LyR}hw) — 1}_1 is the Bose-Einstein

distribution function for phonons.

In deriving it, we have used the fluctuation dissipation theorem e Pt g7 [w] =

g7 [w] = fr (g7 — ¢%) along with

i
=Gy (<iful) Giy + g (—ifal'n) G, (4.59)
Grp— Gy — Grp (95— gi7") G
=G (93— gi) G (4.60)

due to (¢4)~" — (g5)”" = 0 and the Langreth theorem [57] acting on Eqs. (4.44)
and (4.45). A computationally practical closed equation for G7 5 could be found
in Eq. (3.27). The formulas of Eq. (4.47) and Eq. (4.57) are the contributions in

the thesis [44].
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Now we recover the classical version of the CGF for the heat transfer in harmonic
networks without the lead-lead coupling, which was first derived in Ref. [29] using
the Langevin equation method. To this end we simply set the lead-lead cou-
pling VX = 0 in Eqgs. (4.44) and (4.45), then use the Langreth theorem and the
Fourier transformation to obtain G4, = giVECGL, = gt VICGL VOB gy, along

After setting i — 0 and employing G%, [~w] = (Ghpw]) and Ty gy [~w] =

—f{L,R} [w]T, we can get

lim %:—/mg—wlndet{f—T[w]
0

tp—00 tym ™
X KTy T () i€ + (Br — B0)] |, (4.61)
with
Liry =i [Z{r) — Zomy) (4.63)

Zg",a} :VCagér,a}VaC’ o = L, R.

4.5 The steady-state fluctuation theorem (SSFT)

and cumulants

According to the steady-state CGF in Eq. (4.57), one could easily verify that the
GC fluctuation symmetry [70] Z (§) = Z (=€ + i (Br — Pr)) is still satisfied in this

general set-up with lead-lead coupling. And recall the definition of GF in Eq.
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(4.26), we know that the probability distribution for the heat transferred @ is
Pr(Qr) = #(0) [ dEZ (€) et Therefore, following the GC symmetry is the

SSFT Pr (QL) — e(BrR=BL)QL Py (_QL)-

Also, the CGF can be used to evaluate cumulants. Here we only focus on steady-
state cumulants of heat transfer. As illustrated in Sec. 4.2, the steady current is

closed related to the first cumulant so that

15 — lim d <8an(§) |£:0>

ta—oo dit g 0 (Z{)
= [P~ ) TG e, (4.64)
0 s

where, Z (0) = 1 is used. This generalized Caroli formula with lead-lead coupling
was previously given in Eq. (3.26) based on the definition of current directly. The
second cumulant describing the fluctuation of the heat transferred is obtained by
taking the second derivative of steady-state CGF with respect to i{ and then setting
¢ =0, which is

(@i = Jim o [~ 2 0 { U+ fu+ 200 D

tpr—00 oo 47

+(fr = fr)* TI"TQQ}- (4.65)

Higher-order cumulants are also systematically given by corresponding higher-order

derivatives.

After some experiences with the first few order cumulants of heat transfer, we
want to discuss the trick suggested by Di Ventra that repartitioning the total
Hamiltonian to avoid the inevitable coupling between leads in real nanoscale or
mesoscopic systems when calculating steady current. Now whether this trick is

applicable to the evaluation of higher-order cumulant (fluctuation) of the heat
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transfer in steady state boils down to checking whether Tr77% ,; = Tr77 ., holds
for all n less than or equal to the corresponding order of the cumulant one wants,
where 76 oid (TG new) 18 the transmission matrix before (after) repartitioning the
total Hamiltonian. Though giving a general verification is difficult, Tr7Z ,; =
TrTE pews V1 is indeed true in a one-dimensional central ring model, in which there
is only one particle in the center junction connected with two semi-infinite spring
chain leads, and the interaction between the two nearest particles in the two leads
respectively exists (in this case, both TG oq and T pew are just a number). One
step forward, if one thinks of CGF of heat transfer as the complete knowledge of
the steady state, we can claim that the steady state is partition-independent after
verification of Tr7¢# 1y = TrT .., V0 or equivalently, In 2,4 (&) =InZ e () in
Eq. (4.57). Then we can partly answer a question raised by Caroli et al. regarding
the (non)equivalence between the partitioned and partition-free approaches [16],

which recently was partly settled by explicitly constructing a nonequilibrium steady

state through adiabatically turning on an electrical bias between the leads [71].

4.6 Summary

We examine the statistics of heat transfer during time ¢,, in a general lead-junction-
lead quantum system, in which coupling between leads has been taken into account.
To this end, a consistent quantum framework was introduced to derive the CGF,
valid in both transient and long-time regimes using the NEGF method. Also,
the implication of consistency of the quantum framework was discussed from a

thermal transport point of view. After that, a compact form of the steady-state
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CGF was obtained, following which the GC symmetry and the SSF'T were verified.
In addition, the first few cumulants were given and a generalized Caroli formula was
recovered. Furthermore, some valuable hints with respect to the rigorous proof for
whether fluctuation of heat transfer in steady state is partition-independent have

been offered.

4.7 Appendix: CGF of energy transport under
quasi-classical approximation in harmonic net-

works

In this appendix, we consider energy transport across an arbitrary harmonic net-
works connected to two heat baths modeled by coupled harmonic oscillators at
different temperatures. We are interested in the effects of semiclassical approxi-
mation on the cumulant generating function (CGF) of energy transport, which is
my present work. It is meaningful to notice that quantum molecular dynamics
(QMD) [72] employing quasi-classical approximation can even give ‘nearly’ correct
results for second cumulant of energy transport in ballistic systems, the precise
meaning of which will be clarified later. We mainly extend the method used by

Saito etc [29].

First, we specify the total Hamiltonian, which is written as
Hiw= Y Hi+ () VEuUC 4 (u€)" vORuE, (4.66)

where H; = 1 (pi)Tp’#% (u)" K, i = L,C, R and the meaning of the notations
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we use here are the same as before. This setup consists of a central junction
He connected to two semi-infinite harmonic lattices H; and Hp which serve as
heat baths and in respective thermal equilibrium at temperature 77, and Tz. The

Heisenberg equations of motion for the center and the baths are of the form:

i = —KOuC — VORYR _ yCLyL, (4.67)

i = —K%* -V’ a=1L,R (4.68)

We solve the equation of motions for the baths in terms of center degrees of freedom,

given as

u (t) = /O G (=) VU () df £l (1), a= L, B, (4.69)

where ¢/ (t) is the retarded Green’s function of the free heat bath « and uf (¢)

satisfies the homogenous equation of the free heat bath a:
iy + K%y = 0. (4.70)

The “free” here means that the relevant dynamics is simply due to Hamiltonian

H, a=1L,R

Now we eliminate the baths degrees of freedom u” and u” by substituting the
general solution for the baths Eq. (4.69) back into the equation of motion for the
center Eq. (4.67). We obtain

i€ (1) = —KuC (1) — / ST (E— ) u () dt’ + € (8), (4.71)

0
where X" = 37 + 37, 3 = VOgr1/eC is the self energy of the baths, and the
noise & = &1, + & with &, (t) = —V@ug (¢). Notice that throughout the discussion

we implicitly assume the initial time is ¢ = 0 so that Eq. (4.71) is valid for ¢ > 0.
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For later convenience, the Eq. (4.71) is separated to two equations with the sub-

script C' being omitted:
w(t) = wv(t), (4.72)

() = —Kcu(t)—/Ooozr(t—t')u(t/)dt/—i—{(t). (4.73)

The quasi-classical approximation partially take into account the quantum effect

by employing quantum heat baths, which are Gaussian noise specified by

(Ca(t)) = 0, (4.74)
(6 (6 (W)) = Guagifs [S7 (6= #) + 05 (¢~ 1),

= Jup /00 dw (fa (w) + %) AT [w] et (4.75)

oo 2m

o, = L, R.

where f, (w) = 1/ [e™/*sT2) — 1]is the Bose distribution function, and T, [w] =

Notice that the two baths are independent and we have used a symmetrized noise
after considering that the quantum operators &, (t) do not commute in general. The
other aspect of quasi-classical approximation is to replace all operators, i.e., u¢, v©
and &,, by numbers from now on. The linear equations Eq. (4.72) and Eq. (4.73)can

be solved by introducing discrete Fourier transforms and the corresponding inverses

as follows:

{ﬂn, Un, éL,n, gR,n} = i/OM dt{u(t),v(t), & (t), Er (1)} e™rt,

{u® 0@, &0 MO} = 3 {0 Cun Ganp e, (4.76)

n=—oo

2
W = 2 p=(..,-2,-1,0,1,2,...).
b
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Setting t); — oo and employing

tar

lim dte™ @) = 2765 (W — w,,) (4.77)

tar—o0 0

we get

U, = wpG), (gL,n + gR,n)

G {iwn o+ (K€ +37) Au), (4.78)
M
an = _G; (gL,n + éR,n)
+LG; {Lv —iw, Au} (4.79)
tar

with G7 = [w2 — K€ — 5] 7. Where X1, = [T %7 (¢) e®ntdt, Av = v (tp) —v (0)
and Au = u (tpr) —u (0). Actually the second terms in both o, and @, are smaller
compared with the first terms due to the factor i Thus from now on we drop the

second terms and simply use the leading-order solution v, = iw,G, (é Ln+ f Rm)

and @, = -G, <§Ln + gR,n>-

In frequency space, the noise such as {&; (t) : 0 <t <y} can be equivalently
described by the infinite independent random variables {EL,O = 52,07 f Lons fzn :

n=1,2,...} (x denotes complex conjugate), which are still Gaussian specified by

(&m) = (&) =0, (4.80)

(&unfl) = (&L.&0) =0, (4.81)
<£~L,m§Z,TmI> = 5mm,£ (fL,m+%> TLm (4.82)

with fr . = fr (W) and 'y, =Ty [wy,] and m = 0, 1,2, ... coming from Eq. (4.74)
and Eq. (4.75) and the observation 5zm = &1 _p. The similar is true for the other

noise {&r (t) 1 0 <t < tp}. Precisely, the probability density of the total noise is
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written as
c ooz det C ,, det Cy
p [gLufRquagR} = H 1;r2Nc :
m=0
~ ~ Cl,m 0 €Zm
eXp | — <€£m7 612,771) ~ 7 (483)
0 CQ,m g}k%,m
with
h 1 -
Cl,m = [_ <fL,m + _> FL,m:| ) (484)
tr 2
h 1 -
CQ,m = |:_ (fR,m + _> R,m:| s (485)
tar 2

where N¢ is the total degrees of freedom in the central junction.

The interested quantity in this appendix is the total amount of energy @), trans-
ferred out of the left heat bath into the central junction, from the initial time t = 0
to the maximum time ¢t = ;. It can be obtained based on the following argument:

the total rate of energy transport into the central junction is

dHo () -
o0 _ Q)+ Qnlt) (456)
with
%) = "0 |60~ [ o), (4.87)
a = L R.
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Thus
— Y d
Qr /0 Qr (t)dt

=t > W (&,_n - Eg,_na_n> (4.88)

n=—0oo

— . (r ; G, + G Et G Greg L Gn ) [ &,
= ity Z Wn <§£n7 gg,n) 7 7 ~ ’
S—t G, +Gnxg G Gryg G|\ Eqa

tM Z (g%:n? 5£,n) Wn
n=1

In the second equality, we express the total amount of energy ()7, in the frequency

G T rnG —iGa — G'T1,.Go\ (&

Gl — GrTp,,G% —GiTp,,Ge 3

space; in obtaining the third equality, we have employed the leading-order solution
for o, and @, and the properties G;7 = G, , ¥7 _, = X¢  and G, = GY;
In obtaining the fourth equality, the observation is that wy = 0 and recall that
Gy — G =G, (U +Tra) Gy

We proceed to the calculation of the characteristic function Z (&) = <ei5QL> using

the multi-dimentional Gaussian integral of complex variables, which is obtained to

be
2(©) = [adéndélp 6 énd &) e
B det C1,det Coy oy, 1
n>1
with
Cin 0 GG —iG — Gl Ge
det A, = det + (—i&tpwn)
0 Chan iGT —G'T1.G°  —G'Tp.Ge
1,n 0
= det B, det , (4.90)
0 Cop
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where we can easily verified that

B 1 + alG;FRmG%FLn —Z.CLQGZFRW — CLQGZFLJLG%FR,”
ialG’,}FLm - alG:LFL,nGgLFL,n 1— GZG:LFL,nGZFR,n
1 + alG;FR,nGer,n Q9 (_Z’GZFR,H - G;FL,’VLGZFR,H>
aq (Z'G;LLFL’n + GZFR,nGgLFL,TJ 1-— CLQG;FL”GZFR,H
1+ CL1T1 CLQTlQ
= (4.91)
a1 1 — a7y

and a1 = —iw,h (frn + 1) and ap = —i€w,h (frn + 1).

The important closure relations for T;, Ts, T and T5; can be given as follows

TwTy = TiTi, (4.92)
TnT, = ToTo, (4.93)
TuTyp = To(1-T), (4.94)
TwTy = Ti(1-T). (4.95)

The sample proofs for the first and the third relation are given in the followings
by repeatedly using I'y, , + Tr,, = —i (G571 — G%71), while the remaining relations
can be similarly verified. In the sample proof, the subscript n is omitted for

convenience.

First, we need to notice that the relation between T} and T5:
7. = GTrGT,=[i(G"—-G*)—GT, G T,
= 1G'Ty, —iGT', — G' TG [z’G“_l —iGrt = FR}

= —iGT, +iG T GG + To.
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For the first relation (4.92)

Based on the definition of T75 and 15, we know
T1oTy = —iGTgTy — Ty
and on the other hand

TTis = —iTGTr—TTy

= —iG'TRrGTGTg
— [-iGTL +iG' T, GG + | Tp

= —i{G*(PL+TR) G — G TG} GTk
— [-iG T +iG T, GG T, - T

= {—iG* (T, +Tg) +iG'T GG +iGT, —iG'T, GG} Ty
—T22

= —iG'TrTy - T;

= T12T2.
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For the third relation (4.94)

T Ty, = (iGTy+T))(—iGTr—Tp)

= (iG'TG'G" ' +Tp) (—iGTr — T)

= GTG'G'GTr —iGTL,GG'T,
—iThGTr — Ty

= GTGG'GTgr —iG'T G (T, +Tg)GTr
T2

= G'T GG 'GTr —iG'T,G% (G — G"') G'Ty
—T2

= GT.GTr—1T2

= Tg(l—Tg).

After these preparations and let t;; — oo, the CGF of energy transport can be

obtained as

mZ(E) = > I ( detan) (4.96)

n>1
1373
= —5 ; dw, Indet B, (4.97)
t oo
= —% i dwlndet B [w], (4.98)

A B
where employing the formula det = det {(D — CA™'B) A} and the clo-
C D

sure relations for 17, T, Ti5 and T, we get

det (1 + CL1T1)

det B, = det {1 = T (a> — a1 +ar0a)} gog = 5.
142

(4.99)
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Notice that due to the properties (G’"’“)T =G and I'T =T,, a = L, R and cyclic

property of the trace, TrT7* = TrT]"" =TTy, for all n > 1. Thus

— eT‘rln(1+a1Tg)

= det(14+ a1 73).

Finally, the CGF of energy transport can be simplified to be

In Z (¢)

g(&)

t o
_% 0 dwTrin{1 — Trg (£)}

@Omdﬁ—fm+@®%mf<ﬁ+%>(M+%).

The first two cumulants can be immediately given as

and

Q1))

; 1 mE(E
steady  — o a(lé-) o
1 00
= 5 i dwTrTohw (fr — fr)

tmy [

2w Jo

+TeTy (fr — fR)zl

dw (hw)” [Tsz (fL + fr+2ffr+ %)

(huw)*
2

t o0
correct quantum one + 2—M / dw TrTs [w] .
T Jo

(4.100)
(4.101)

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)

(4.107)

Where the ‘correct quantum one’ term comes from the pure quantum-mechanical

result, see Eq. (4.65). Based on the first two cumulants, we realized that for ballistic

systems the QMD can give exact quantum result for steady current and ‘nearly’

correct quantum result for second cumulant with a correction term which does not

depend on the temperatures of the heat baths.
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Distribution of energy transport

across nonlinear systems

In this chapter, we consider thermal conduction across a general nonlinear phononic
junction [45]. Based on two-time consistent quantum histories and the field theo-
retical/algebraic method, the cumulants of the heat transfer in both transient and
steady-state regimes are studied on an equal footing, and a practical formula for
cumulant generating function of heat transfer is obtained. As an application, the
general formalism is used to study anharmonic effects on fluctuation of steady-
state heat transfer across a typical molecular junction with a quartic nonlinear
on-site pinning potential. In addition, an explicit nonlinear modification to cumu-
lant generating function exact up to the first order is given. Also, the first three
cumulants are numerically demonstrated using both the self-consistent approach

and the first-order perturbation approach.
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5.1 Model and the general formalism

We still consider the lead-junction-lead model initially prepared in a product state
Pini = Ha=rc, R%. It can be imagined that left lead (L), center junction
(C), and right lead (R) in this model were in contact with three different heat
baths at the inverse temperatures ;, = (/{;BTL)_I, Be = (k;BTC)_l and fBr =
(k:BTR)fl, respectively, for time ¢ < t5. At time ¢ = ¢y, all the heat baths are
removed, and couplings of the center junction with the leads Hpc = ulVFCugq

and Hor = ulV®up and the interested nonlinear term H,, appearing only in the

center junction are switched on abruptly. Now the total Hamiltonian is given by

Hyy =Hp+ He+ Hr + Hpe + Heog + Hy, (5.1)

where H, = %pgpa—l—%ugl( “Ue, o = L,C, R, represents coupled harmonic oscil-
lators, u, = /maTs and p, are column vectors of transformed coordinates and
corresponding conjugate momenta in region . The superscript 1" stands for matrix

transpose.

Recall the discussion in the Sec. 4.2, we can similarly construct a consistent frame-
work consisting of two-time quantum histories to study the heat transfer across
arbitrary nonlinear systems in a given time duration. A realization of the quan-
tum history Py @Pth means that the result of the measurement at time ¢, of energy
of the left lead associated with the operator H is the eigenvalue a of Hp, then
the measurement at time t,; yields the eigenvalue b of Hy. Using this consistent

quantum framework, we can define the generating function (GF) for heat transfer
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in the time duration t;; — ¢y to be
Z(©)=) e pr(Prop)
a,b

= (Ugsa (to, tar) U—gy2 (tar. to)) (5.2)

where Pr (Pt% O P

ty

) stands for the joint probability for the quantum history
PO Ptl;\/,Q U_¢/2 (tar, to) means evolution operator associated with the counting-

field dependent total Hamiltonian H,,¢/* = ¢!(-¢/2H1 [, e=i(=¢/2H1  gimilarly for

Ue/a (to,tar) and (...) denotes the ensemble average over the initial state pi;.

The first step for the study of the GF is to relate it to the Green’s function, by

which the closed equation satisfied can be found out. To this end, we generalize

the GF to be
Z ()\2 — )\1) = <U)\2 (to,tM) [j,\1 (tM,t0)> (53)
= (ALY (4, ty) e T2 MILY (1),10)) (5.4)
_ <TTe’% cdfﬁ<7>> , (5.5)

where, T’ is a T-ordering operator arranging operators with earlier 7 on the contour
C' (from ty to tp; and back to tg) to the right. In the second equality we have used
the cyclic property od the trace and the commutator relation [Hy, pin| = 0; in the
third equality we go to the interaction picture with respect to the free Hamiltonian
h = Hy+Heg+ Hp so that Ty (1) = %7 (1) VECae (1) + 4% (1) VOrag (1) +Hy, (1)
with caret put above operators to denote the interaction-picture 7 dependence such
as ¢ (1) = et uce i), where @2 (1) = dy, (ha, +7) with 2, = A (\2) with

7 =1t (¢t7) on the upper (lower) branch of the contour C.
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Furthermore, we define the adiabatic potential U (¢, A2, A1) according to [35]
Z (Mg — Ay) = e n g AU, (5.6)

Thus we could apply the nonequilibrium version of the Feynman-Hellmann theorem

[73] to get
a o 1 87;\ (t+> 7% drTx(7)
a>\1U(t, )\2,)\1) _Z()\Q — )\1) <TT a)\l e C (57)
_ T (t7)
= <TT o /\, (5.8)
Since
O () L ouy" () e oh
DV h T V*=*ue (t ) (5.9)

and introducing contour-ordered Green’s functions Grc and Gop, defined as

~ i - .
GLC (’7’1, 7'2) = _ﬁ <TTUL (Tl)ug (7’2)>)\ (510)
~ i . o
Gov(n,m) = =5 (Tyito (m)ig" (r)) . (5.11)
we can get
Gan()\g —)\1) . tm 0 ~t / CL
o - /to dth=-Tv [GLC (', 1)V } o (5.12)
tar a B
_ / dth——Tr [GtCL (t, t') VLC} (5.13)
to at =t

Notice that the tilde on the Green’s functions emphasizes the fact that they are
counting field &-dependent, and real-time Green’s functions can be obtained by
specifying the variation range of the time arguments in contour-ordered Green’s

functions such as

R Gre (t.13) Gre (t1.13) Gl (t,ty) Gip(t,ts)
Gre (11, m2) — —

Gro (t,t5) Gro (t,t5) GTe (tita) Gl (t,ts)
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According to the basic analysis of Feynman diagrams, the contour-ordered Green’s

functions Grc and G¢p, are given as

Gro(rm) = / i (71, 7) V€l (7,72) dr, (5.14)
C

GCL (11, 72) = / CN}CC (11,7) VCLgL (1,72)dT (5.15)
C

with the shifted bare Greens function for the left lead being

7 (1) = — (Tt (1) 137 () (516)

where
~ Z ~ R
Goe (T, m) = =5 (Tric (1) 4G (1)), (5.17)

is the central quantity for the study of the GF of the heat transfer, which we will
discuss later. Just now, we use the treatment of symmetrization to simplify “53= alnz in
Eq. (5.13) further according to the time-order version of Eq. (5.14) and Eq. (5.15)7

1.€.,

ty
Lo (tt) :/ gt (' 1) VECGL, (ty,t) dty — / S t) VECGZ, (1, 1) dty
to

_ tar I
Gh, (t,t) = / Gl (t,t) VOEGE (1)) dty — / GSo (t,t) VOEGT (ty, ) dty,

to

which explicitly means that

81112 ()\2 - )\1)

oM
h far a LC CL
_n dt—Tr[GCL(t,t)V L ()Y ]t,:t (5.18)
2 ), "o
hofir A , O%5 (t,1)
__E/to dtdtTr[GCC(t,t)T
B V> (4]
+Goe (1) —aELa(tt ’t)] (5.19)
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with the self-energy defined to be ¥ (11, 7) = Vligy (1, 7) VEC. Eq. (5.19) is

a generalized Meir-Wingreen formula. In obtaining the second equality we have

AL (1) O%L (' h)

ot’ - ot1

used the relation since ¥4 (', t,) = Xt (' —t). Essentially
we employ the procedure of symmetrization to get rid of the time-ordered version

of CN}’CC (11, 72).

Setting A\ = —£/2 and Ay = £/2, and noticing that

o057 (t,t) 19N () (5.20)
ot - h o€ '

S (t 1)

dep \LLh) 21

olnZ
o(i€)

we can obtain a compact expression for from the generalized Meir-Wingreen

formula Eq. (5.19):

g a V< (47
oz L [ (el Gt ) [0
e S A
1 - %y (1',7)
= 2/ )| TN 5.22
2 4 L |Gee ) i (5:22)

If needed, the proper normalization for the CGF), i.e., In Z (&), can be determined

by the constraint In Z (0) = 0.

5.2 Interaction picture on the contour

The nonlinear effects on the GF are completely included in the Ge¢, for which we

try to obtain the closed Dyson equations now.

99



Chapter 5. Distribution of energy transport across nonlinear systems

Recall the discussion on the Heisenberg picture defined on the contour in Sec. (2.2.2).
We can rewrite the Gee from Eq. (5.17) as

1
<US (to tar) US (1) Toull (ry) ultT (72)> Z (523

~ 1
Gee (11, 72) = ~7
where the evolution operator U® on the contour is determined by the modified
total Hamiltonian HZ, (1) = et H, e~ HL and remember that z, = —£/2

(€/2) with 7 =t* (¢7) on the upper (lower) branch of the contour C' and

(

U; (tg, tl), (7'2 = t;) > (7'1 = t1+)
US (7-27 Tl) = US.T (tg, tM) U; (tM, tl), Ty = t2_, T = ti_ (524)
\UST (tg, tl), (722t5> < (let;)

with the subscript + (—) denoting the upper (lower) branch; the Heisenberg-picture

operator such as u (71) is defined as

u (n) = US (t§, 1) ucU® (71, t7) - (5.25)

Now we define the interaction picture on the contour by using the model employed

in this chapter as an example.

The modified total Hamiltonian can be split into two parts, i.e.,

HE, (1) = e L e e = 0¥ (1) + H, (5.26)
We define the interaction-picture evolution operator as

Ur (11, m) = U5 (t5, 1)U (11, 72) U (12, 1), (5.27)

where UJ is similar to U° but determined by HZ (7). According to the interaction-

picture evolution operator, we can define the interaction-picture operator such as
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ul (1) as

ug (1) = Ug (t§, m1) ueUs (m, t) - (5.28)

The relation between the Heisenberg-picture operator and the interaction-picture

one turns out to be

ug (1) = Uy (t§,71) ug (1) Up (11,87 - (5.29)

Further, the interaction-picture evolution operator can be expressed as
U (11,7) = Tre” i Jetrm Ha(r)dr (5.30)

for 7 succeeds 1 and C|m, 73] denotes the path along the contour C' from 7, to 7.

Using the interaction picture on the contour, we can rewrite the Gee as

1

2 (US (t 1) Trule (r) uf (m) e Hledr0) — 1 (5.31)

éCC (7—1’7_2) == h

which is shown below assuming that 7 succeeds 7 without loss of generality:

- ) 1
Goe (rym) = —5 (U (6545 UF () wll () ud T () 5 (5:32)
. —%<U69 (to 1) Us (t 1) Ur (5, 72) il () Us (o, 13)

1
Ur (t(T, Tz) ué;T (12) Uy (7‘2, tar) >§ (5.33)
1 i 1
= = (U5 (t5.8) Touls (m) uf" () e H 70} = (5.34)

[ ~x,T ~ ~ "
By introducing 2, = <TT€_E o dr(i VLC“0+“€‘VCR“R)>, which is the GF when

H, =0, and defining Z,, = Z/2,, Goe in Eq. (5.31) is written as

1

Geo (T1,7) = Ty [pfmTTuIC (1) ul (1) e i de dTHi(T)} =

- (5.35)
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where pl; = piniU§ (t5,t5) /20, (Tr(pf,;) = 1). Notice that p!,; and the interaction-
picture operator on the contour, such as ul (71), after second quantization satisfy
the sufficient conditions for the Wick theorem to be valid presented in the ap-
pendix 5.5 of this chapter. Physically the key point is that under the interaction
picture on the contour the nonlinear interaction is not incorporated into pf ; so
that p! . is still non-interacting, which is inherited from specially chosen initial

product state pjn;.

Observing the structure of Eq. (5.35) and realizing that the denominator Z,, cancels
the disconnected diagrams, we can obtain the Dyson equation for écc as écc =

G + G% 32, G oo, a symbolic notation of

GCC’ (71>T2) = é%c (71772)

+/d7d7’é%o (11, 7) Y, (1,7") Geoo (7', 72) (5.36)
c
in terms of
G = — LTv [pl ok, () 5.37
ccT Ty ' Pinit rUc (Tl)uc (72) (5.37)

and the nonlinear self energy 3, constructed by the bare propagator G%C, whose

vertices are solely due to the nonlinear Hamiltonian H,,.

Going to the interaction picture with respect to the free Hamiltonian h = Hy +

He + Hg, G2 can be written as

Goo (11,7) = _% <Tﬂfbc (1) G5 (r2) e Je dﬂfz’Tmvwﬁc<T>+a5<r>vCRaR<T>> Zi
0
(5.38)
so that
é%o =gc + gc (2L + ER) @%o, (5.39)
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where X (71, 72) is the right-lead version of the ordinary contour-order self energy
¥, = V&%, V'Y v = L, R, in which g, (T1,72) 5, = — i (Trin,; (11) Ga (72)) for

a = L,C, R are the uncoupled contour-order Green’s functions.

Though Eq. (5.36) and Eq. (5.36) are enough for the calculation of Ggg, for
convenience one can introduce an counting-field independent auxiliary equation
GYe = go + go (XL + ZRr) GY, and combine it with Egs. (5.36) and (5.39) to

obtain a closed Dyson equation for Gee (11, 72):

where the shifted self energy Y4 = X, — X, which first appears in Ref. [30],

accounts for the distribution of heat transfer in ballistic systems.

From now on, for notational simplicity, all the subscripts C'C' of the Green’s func-
tions will be suppressed and the superscript 0 in both GOCC and G2 will be re-

expressed as a subscript.

Until now, the formalism for studying the distribution of heat transport across
general nonlinear junctions has been completely established. As before, the CGF
can be used to calculate cumulants of heat transfer. In the case of steady state,
one simply set tg — —oo and t); — +oo simultaneously, and technically assume

that real-time versions of G (71, 7,) are time-translationally invariant. Then going

to the Fourier space, Eq. (5.22) for %1(?5 in steady state could be rewritten as
0ln > hw ~ ,
—(w —to) | dw-Tr |G<ge ] 5.41
S (v —to) [ i [Gewe (5.41)
after taking into account G~ [-w] = G<[w]" and 5 [-w] = ¥7 [w]". In the
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Fourier space, due to Eq. (5.40) exact result for G [w] could be yielded as

G L) = (Gole]™ ~ Safu] - B, M)l (5.42)

when keeping in mind the convention that the contour-order Green’s function such

as G (11, T2) in frequency space is written as

Glw] = : (5.43)

5.3 Application to molecular junction

Now we apply the general formalism developed above to study a monatomic
molecule with a quartic nonlinear on-site pinning potential, that is, H,, = i)\u‘ao
in Eq. (5.1). In this case, the nonlinear contour-order self energy exact up to the

first order in the nonlinear strength is

Yo (r,7) = 3ihAGy (r,7) 6 (7,7, (5.44)

where recall that the generalized d-function ¢ (7,7’) is the counterpart of the or-
dinary Dirac delta function on the contour C' introduced in Eq. (2.31). Thus the

corresponding frequency-space nonlinear self energy is

. Gt(0) 0
5, [w] = 3ikA . (5.45)
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Consequently, exact up to first order in nonlinear strength the CGF for the molec-

ular junction could be given as

1 O0mZ(§)  [TdwgdlnDw] )
vl T i B = e T
< (G5 (0) G4 ] — G5 (015 [ ]%DL} (5.46)
with
Diw] = det [I —Golw] X4 [w]]
- 1—T[w][(ei£h’”—1) FL(l4 o)+ (€€ = 1) fr(1+ fL)} (5.47)

and Gy’ (0) = [*_ Gl [w] /D [w], where T [w] = Tr (G4TrG4TL) is the trans-
mission coefficient in the ballistic system, and f; gy = {exp (B{L,R}hw) — 1}_1
is the Bose-Einstein distribution function for phonons. Here G, = Gfj — G5 and
G¢ = G5 — G are retarded and advanced Green’s functions, respectively. Also
Iirry = E{L R} E?LR}], related to the spectral density of the baths, are ex-

pressed by retarded and advanced self energies similarly defined as Green’s func-

tions.

One could easily use this CGF in Eq. (5.46) to evaluate cumulants. The steady

current out of the left lead is closely related to the first cumulant so that

o d aan(g)‘
dtp 0 (i§) €=0

dw

:/ oo (14 A T[] (fr ~ fi), (5.48)

where A [w] = 3ihAG (0) (GE [w] 4+ G [w]) is the first-order nonlinear correction to

the transmission coefficient.
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The fluctuation for steady-state heat transfer in the molecular junction is obtained

by taking the second derivative with respect to &, and then setting & = 0:

Q%) — /_OOZ—:{(M)QTQ[w}(l +20[W)) (f1 — fr)*

(tar —to)
+ 31w | GRlwloGh ~ GhlwldGh | Tlw] (f — fr)
(P TI)(1+ AR (it fr+2fufr) |, (5.49)
where,
“tE aég’t (0) . > dw it
ST = 6—5‘620_—@/00 & Tl (fr — ) G le]. (5.50)

Higher-order cumulants can be also systematically given by corresponding higher-

order derivatives.

In the following Fig 5.1, we give a numerical illustration to the first three cumulants
for heat transfer in this molecular junction using a self-consistent procedure [74],

which means that the nonlinear contour-order self energy is taken as
S (1,7) = 3ihAG (1, 7) 6 (7, 7') (5.51)

by replacing G with the dressed one G, and G is obtained self-consistently using
Eq. (5.40). The immediate physical interpretation is that the dressed interaction is

just a screened interaction and the dressed line represents a quasi-particle process.

As shown, the effect of nonlinearity is to reduce the current as well as higher order
fluctuations, and the fact that third and higher order cumulants are small but
nonzero implies that the distribution for transferred energy is not Gaussian. In

this numerical illustration, the Rubin baths are used, that is, K,, « = L, R in
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Figure 5.1: The first three steady-state cumulants with nonlinear strength A\ for
k= 1eV/(uA?), ko = 0.1k, K¢ = 1.1k, and VA = VG = —0.25k. The solid
(dotted) line shows the self-consistent (first-order in A ) results for the cumulants.

The temperatures of the left and right lead are 660 K and 410 K, respectively.
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Eq. (5.1) are both the semi-infinite tridiagonal spring constant matrix consisting
of 2k + ko along the diagonal and —k along the two off-diagonals. And only the
nearest interaction V47 and V{4 between the molecular and the two bathes are
considered and He = §pg o + 5Kcug . As expected, for weak nonlinearity the
first-order perturbation results, presented as dotted lines, are comparative with

the corresponding self-consistent ones.

5.4 Summary

A formally rigorous formalism dealing with cumulants of heat transfer across non-
linear quantum junctions is established based on field theoretical and NEGF meth-
ods. The CGF for the heat transfer in both transient and steady-state regimes is
studied on an equal footing and useful formulas for the CGF are obtained. A new
feature of this formalism is that counting-field dependent full Green’s function
Gee can be expressed solely through the nonlinear term H/ (1) with the help of an
interaction-picture transformation defined on a contour. Although we focus on the
distribution of heat transfer in pure nonlinear phononic systems, there is no doubt
that this general formalism can be readily employed to handle any other nonlinear
system, such as electron-phonon interaction and Joule heating problems. Up to
the first order in the nonlinear strength for the single-site quartic model, the CGF
for steady-state heat transfer is obtained and explicit results for the steady current
and fluctuation of steady-state heat transfer are given. A self-consistent procedure,
which works well for strong nonlinearity, is also introduced to numerically check

our general formalism.
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5.5 Appendix: The Wick Theorem (Phonons)

In this appendix, we try to give sufficient conditions for the Wick theorem to be
valid which covers most of the situation we encounter. The discussion is limited to
the case of bosonic operators which is the main interest in this thesis. We mainly

follow Gaudin’s approach [75]. For an alternative proof, one can resort ro the

Ref. [76].

First we explain what the Wick theorem is. The Wick theorem says that the
average value of a product of creation and annihilation operators is equal to the

sum of all complete systems of pairings, mathematically which can be stated as

Tr {Pmi5162 . ﬂs} — Tr {pimﬂﬁz} Tr {pimﬁgﬁ4 . Bs}
Tr {p™ 318} Tr {p™ Bafa - - B} (5.52)

+

+ Te{p™ BB} Tr {p™ a3+ Bs-1}

and then applying this relation recursively to all of the multiple operator averages

until only pairs of operators remain.

Now we explore the sufficient conditions for the Wick theorem to be justified, which
simply means that Eq. (5.52) is valid. Suppose the system’s degrees of freendom

is f, and we define

a = . = aj, ozfﬂ-:aj, 1=1,2,...f, (5.53)
T
a

where a; and az are annihilation and creation operators respectively.
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Assume
2f
a;p™ = Zhikpm’ak, (5.54)
k=1

where h;;, are c-numbers. We prove the Wick theorem for Tr{p™'a;, ay, - - - @, },

which is shown below:

Te {p™onan -0} = Tr{o™ [on, on] - on, } +Tr {p™asa o, }
= Te {p™ [y, iy} A T { g™, [y, i) i)

T { ™ oy, - -,
= Tr {pim [y, iyl - -ais} + Tr {p"mcziQ [y, Qg ozis}

+Tr {pim&hais [y, ]~ Oéis} + Tr {pimah%au% T ais}

= Z [Ozil, Oéij} Tr {pini&ilaiz e &ij c. ais}
=2
+Tr {ailpimaigais e ais}
= Z [ail, O./Z‘]} Tr {pini&ilaiZ .o &ij “ue a/is}
j=2
2f
+ Z ik Tr { p™ cgpeviy iy - -+ i, } (5.55)

k=1

where the circle over the operator means that this operator is omitted. Then

2f S
Z (1- h)ilkTr {pimakaiz .. 'Oéz‘s} — Z [0%7 Oéij] Tr {pim&ilaig . &Z.j .. ‘Oéz‘s}
k=1 J=2

Multiply by the inverse matrix (1 — k)", we can get
Tr {pi”iailaiQ e ais}

s 2f
- Z {Z (1- h);i [% O‘i]} } Tr {Pim&uaz‘g T &z‘j e Olz‘s} (5.56)

=2 k=1
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After considering the special case

2f
Tr {p™ s 05, } =Y (1= h); ) o, 0], (5.57)

k=1

we obtain from Eq. (5.56)

S
ing ing ini © o
Tr{p ailaiz---ais} = g Tr {p ailaij}Tr{p ailaiz---aij---ais},

j=2
Assume
2f
B = Zgjz'%' (5.58)
i=1

where gj; are c-numbers. Then

Tr {pi”iﬁﬁz“'ﬁs} — ZZ“'Zglhg%”‘gsiQTr {pmiailam“'ais}

i1 12 is

= ZZ”’ZQU&Q?W"'gsizzTr{PmiOéilOéij}
i1 i2 is =2
{0y )
- Z Tr {p™ 1 5;} Tr {pmiﬁpBQ By -Bs}
j=2
which is just the Eq. (5.52).

In summary, the sufficient conditions for the Wick theorem Eq. (5.52) to be valid
are Eq. (5.54) and Eq. (5.58) and implicitly Tr (p™) = 1.

In the following, we try to figure out the form of initial density matrix p™ satisfying

Eq. (5.54), which turns out to be
pim' — e—aTAa (559)

with A to be a general square matrix. We neglect the normalization constant for

Tr (p™") = 1 here. To this end, we split the A to be a symmetrical part and an
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anti-symmetrical part, that is

1 1
A = SA+AT) +5(A-4T) (5.60)
= A°+ A% (5.61)
Let us define
fi (t) = etaTAaaie—taTAa
_ et%aTAsaai —t%aTAsa'

In obtaining the second equality, notice that a® A% is a c-number due to [a, OéT] =

1
and AT = —A¢. Thus
0 —1
dfl (t) — et%aTASoz EOJTASCY, o eft%aTAsa
dt 2
= - Z (UAs)ij fi @),
J
I —to A T A —aTA
where 0 = . So fi(t) =3, (et )ij a; and f; (1) = e* “*qe”* 4 =
1 0

>, (e77%),; a5 or equivalently

e A = Z (e_"As)ij e_O‘TAO‘ozj. (5.62)

J
More generally, the multiplication of finite number of the form of Eq. (5.59) still

satisfies Eq. (5.54), such as

ini _  _—alTAa _—aT Ba (563)
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which is briefly shown below:

L T T
Oéipzm = e « Aae a’ Ba

_ s _ T _ T
— E (6 JA)..@ ocAaOz‘e a’ Ba
ij J

J

_ Z (e_JAS)ij e—aTAa Z (e—UBS)jk e—ozTBocO‘/Ic

k

J

_ Z Z (e—UAS)ij (e—JBS>jk pinia/k
7 k

_ Z (e—aAse—UBS)ik P

k
Due to the sufficient conditions presented in this appendix, the Wick theorem
used in this thesis for the Feynman-diagrammatic analysis is justified. For exam-

ple, for the case of the interaction picture on the contour, initial density matrix

Phi = PiniUg (L5, 13) / Z0= Ha:L,C,R%6_%Hg(t_)(t°_t1”)e_%Hg(tJr)(tM_tO)/ZO
is the multiplication of finite number of the form of Eq. (5.59) and Tr(pf,;) = 1.
In addition, interaction-picture operator on the contour such as wl (1) in the

Eq. (5.28) can be expressed as the linear transformation of a defined in the

Eq. (5.53) according to the similar steps for the calculation of f;(¢).
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Summary and future works

We have considered the energy transport from the consistent-history viewpoint
on quantum mechanics using the NEGF method. Using a Heisenberg equation
of motion method, the nonequilibrium steady state employed in NEGF has been
studied. It is shown that on-site potential is crucial for the dynamical reach of
steady-state thermal transport from initial product state by the sudden switch-
on of the coupling between the baths. Moreover, we have extended the traditional
Caroli formula describing the transmission of the heat in lead-junction-lead systems
to the case incorporating the lead-lead coupling. In the coupled left-right-lead
quantum systems, the distribution of energy transport has been studied and the
analytic expression for the cumulant generating function (CGF) of energy transport
in a given time duration is obtained, in terms of which fluctuation symmetry is
verified. Also, the effects of the quasi-classical approximation on the CGF of

energy transport are studied. Furthermore, by introducing interaction picture on
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the contour, the compact formalism for the distribution of energy transport across

nonlinear systems is established.

It may be noticed that there are two main lines in this thesis, which are clarified
as below. The first line involves the complexity of the quantum histories we used
to study the energy transport. Specifically, for the steady-state thermal current
we simply employed one-time quantum histories, while for the study of probability
distribution of energy transport in a given time duration we employed two-time
quantum histories. Naturally, the next step for the future work is to consider the
application of multi-time quantum histories on the study of the quantum thermal
transport [77-79]. For example, we can use continuous quantum histories to con-
struct a new definition of quantum work since work done is really a processing
quantity which depends on the whole process of the quantum history. Based on
this new definition, we can check the Jarzynski’s equality reflecting the principal
of microreversibility of the underlying dynamics and look at the interplay between
time-dependent evolution and quantum measurements. Actually the preliminary
work has been already done, see Ref. [80]. But we have to admit that it is not
so successful there since the states we used are eigenstates of position operators ,
which can not be normalized. Thus we have to improve this work such as using

the normalizable gaussian wave packet to express the states.

On the other hand, it has been noticed that Kundu et al. developed a formalism
to calculate the distribution of heat flow in a classical harmonic chain, and more
importantly obtained the lowest order correction to the CGF [34]. Therefore,
we can try to improve and obtain the correction of the quantum CGF formula we

have already got in ballistic systems, which turns out to be much more challenging.
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Before that, in order to appreciate the quantum correction we may use the quasi-
classical approximation, which employs quantum heat baths, to partially consider

the quantum effects, see the Ref. [72] and the appendix 4.7.

The other line involves the complexity of the quantum systems we considered.
Specifically, we have extended the study of the probability distribution of energy
transport in a given time duration to nonlinear systems from ballistic systems. The
future work in this respect is try to use the established formalism to study the ex-
perimental setup. For example, a recent shot noise measurement on Au nanowires
has demonstrated the pronounced phonon signature in electron noise [81], which
involves the effects of electron-phonon interaction on electron transport accompa-
nying the energy transport. As a preliminary step, we can study the probability
distribution of the coupled electron-phonon transport in one-dimensional atomic

junctions in the presence of a week electron-phonon interaction [82].

The systematic study of this thesis and the proposed plans may enhance our un-
derstanding on quantum thermal transport in nanoscale systems and provide a
guideline for optimal design of transport devices in nanoscale systems. In ad-
dition, the insights into statistics aspect of the quantum thermal transport are

provided by using microphysics models to approach the fluctuation theorem.
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