lurgical Laboratory Report CP-2192, 9 November 1944 {unpublished).
Later an extended series of measurements was made by L. B. Borst and
A.J. Uhlrich with the reactor at 4 MW; cf. Oak Ridge Nat. Lab. report
Mon P-60, may 1946 (unpublished).

Leona Marshall Libby, The Uranium People (Crane-Russak, New York,
1979), pp. 180-183.

'“A. H. Compton, Atomic Quest {Oxford University, New York, 1956), p.
192.

Fundamental resonant frequency of a loudspeaker
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The fundamental resonant frequency of a loudspeaker marks its useful low-frequency limit. Its
values may be determined by plotting the electrical impedance of the loudspeaker against
frequency. This was done for a loudspeaker under various loading conditons. The graphs obtained
yield useful information about the loudspeaker’s mass, compliance, and other parameters.

Loudspeaker theory is usually one of the more interest-
ing topics in an undergraduate acoustics course, because of
the students’ interest in high fidelity and sound reproduc-
tion. Many students will themselves have had practical ex-
perience in designing and constructing their own loud-
speaker enclosures, and the use of loudspeaker theory to
highlight general acoustics topics such as acoustical im-
pedance greatly enhances the attractiveness of these topics
for the students.

Laboratory experiments on loudspeakers in conjunction
with such topics would be of interest for the same reasons.
However, the usual means of measuring loudspeaker pa-
rameters such as frequency response has required the use of
expensive and often unobtainable anechoic chambers. Im-
pulse techniques utilizing fast Fourier transforms have
made loudspeaker testing without anechoic chambers pos-
sible. On the other hand, these newer techniques also re-
quire expensive instrumentation as well as the application
of mathematical techniques that may obscure the acousti-
cal principles for the student.

There is one useful loudspeaker parameter that can be
easily and inexpensively measured by undergraduate stu-
dents. The fundamental resonant frequency f, of a loud-
speaker can be determined using simple instrumentation,
yet it can give important information on loudspeaker be-
havior. In fact, f, marks the effective low-frequency perfor-
mance limit of a loudspeaker system, and hence is often
quoted in manufacturer’s loudspeaker specifications.

IMPEDANCE OF A DYNAMIC LOUDSPEAKER

A dynamic or direct-radiator loudspeaker consists of a
stiff and light cone suspended from a rigid metal frame.
The cone is driven by a voice coil of length / attached to the
end of the cone. The current i passing through the coil is
perpendicular to the radial magnetic field B of a permanent
magnet. The resuitant driving force F on the cone is equal
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to Bli.

The cone and voice coil have a combined mass M and the
cone suspension has a compliance C that together form a
mechanical system. The system can be represented by an
analogous electrical circuit in which mechanical quantities
are represented by electrical quantities; force by emf, veloc-
ity by current, mass by inductance, compliance by capaci-
tance, and mechanical resistance by electrical resistance,
The resultant velocity v due to a force F'is given by

v=F/2Z,,
where Z,, is defined as the mechanical impedance of the

system. Z,, may be calculated from M and C from the
analog circuit (Fig. 1).

FUNDAMENTAL RESONANT FREQUENCY

If the driving force F is oscillating, the magnitude of Z,,
is at a minimum when the frequency fis equal to the funda-
mental resonant frequency £, of the loudspeaker where

f. = 172a(MC)">.

The resultant velocity is at a maximum when this condition
holds.
The above assumes that the loudspeaker is oscillating in

velocity V

mass M

force F
compliance C

|

Fig. 1. Electrical analog circuit of a loudspeaker in vacuum.
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circuit of a loudspeaker
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a vacuum, and that there are no dissipative effects. Under
practical conditions, the loudspeaker will be in a fluid me-
dium such as air. The values of Z,, and f, will be different
in air for the following reasons:

(a) The mass M is effectively increased to a value M ' due
to the air loading M, on the cone.

(b} The radiation of acoustical power from the loud-
speaker through the medium is equivalent to the dissipa-
tion of power through a “‘radiation resistance” R in series
with M and C (Fig. 2}.

The square of f, will decrease inversely with the increase
in effective mass from M to M’

When the loudspeaker is placed under different mount-
ing conditions, e.g., in a box, the loading conditions will be
different resulting in changes in Z,, and f,.

BACK EMF AND MOTIONAL IMPEDANCE

We turn now to the electrical circuit of the loudspeaker
coil. The coil is driven by an emf e giving rise to the current /
and hence the force F. The resultant motion of the coil in
the field B generates a back emf e, opposite to e, given by

ey = Bl
Hence
ey =B?%/Z,,.

The current i is given by
i=(e—ep)/Zp,

where Z; is the total electrical impedance in the coil cir-
cuit. Substituting for ¢, we can show that

i=e/(Zg + 2ot
where

Z.. =B1%/2Z,.
Z

o 18 the additional effective electrical impedance in the
electrical circuit due to the motion of the mechanical sys-
tem of the loudspeaker, and hence is known as the motional
impedance.'?

DETERMINATION OF /,

At the frequencies of interest, near the fundamental res-
onant frequency of the loudspeaker, Z; does not vary
greatly in comparison to Z,,. Hence by determining the
variation of e/ with frequency, the frequency dependance
of Z,,,, and hence of Z,, can be obtained. In particular, a
maximum in e/i or Z,, corresponds to a minimum in Z,,,
and hence gives the value of f,.

As stated earlier, the importance of £, is due to the fact
that it marks the effective low-frequency response limit of a
loudspeaker. This method of determining f, is purely elec-
trical and very simply carried out.

EXPERIMENTAL PROCEDURE AND RESULTS

The measurement of the ac voltage—current ratio for the
loudspeaker coil requires nothing more than an audio oscil-
lator, an ac voltmeter, and an ac ammeter. [t is instructive
to plot e/i against oscillator frequency and obtain f, for a
loudspeaker under the following conditions: (a) in a vacu-
um; (b} free-standing in air; (c) free-standing in air with
small masses symmetrically attached to the cone; (d)
mounted in a totally enclosed box; (¢) mounted in a totally
enclosed box filled with acoustically absorbent material.

It should be emphasized that these impedance—frequen-

¢)
600+ (
(b)
)
500+ “ .
Fig. 3. Graphs of electrical
Zg lohms}) impedance versus frequen-
cy for an 8-in. loudspeaker
400} under following condi-
tions: (a) in vacuum; (b) free
s standing in air; (c) as (b)
300 with masses attached to the
cone.
200+ ¥
* R—
100L— 1 1 L i 1 1 L 1
10 20 30 40 50 60 70 80 90 100

FREQUENCY ( Hz)
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cy plots are different from the output power—frequency re-
sponse plots of the loudspeaker. Even a high-fidelity loud-
speaker with a flat frequency response will display a peak at
/. inits impedance-frequency plot. As the ratio e/i is being
measured, the driving conditions need not be purely con-
stant current or constant voltage, provided the loudspeaker
is not being overdriven to distortion. Acoustic output pow-
er is dependent on the driving condition, but the motional
impedance is dependent only on the driving frequency.?
Theloudspeaker used in all the experiments was a nominal-
ly 8-in. dia. paper-cone dynamic loudspeaker.

Experiments (a), (b}, and {c) may be discussed together
(Fig. 3). In (b) the effective cone mass is M’ (including M,
the air loading mass). In (c), two small and similar pieces of
plasticine (say 1 cm in diameter) or solder, taped to the cone
opposite each other will suffice. The combined mass of the
plasticine used was 10 gm. This extra mass gives rise to a
decrease in f, from its value in {b). M’ can then be deter-
mined from the ratio of the values of /, in (b) and (¢}, and the
known extra mass. The loudspeaker compliance C can then
be determined from the formula for £,. This is the conven-
tional method of determining M ' and C.

In (a), the effective mass is just M, as there is no air load-
ing. Hence f, will increase from its valuein (b). Since M ' has
now been determined, M and hence M, can be determined
from the ratio of f, in (a) and (b). The value of M, can be
compared with its theoretical value of (8/3) a*p,, where a is
the cone radius and p,, is the density of air. For (a), all that is
necessary for the vacuum is to make the air loading negligi-
ble. The loudspeaker was placed in an air-tight wooden box
and a rotary vacuum pump used to evacuate the box to a
pressure less than 3 mm Hg,

The experiment {d) requires a small rigid wooden box
similar in size to a small loudspeaker “bookshelf”’ enclo-

T (d)

400+

350
Ze (ohms)
300
250}

200~

150 |-

sure. In the experiment, a box measuring 59 X 34.5 X 31 cm
was used. A circular hole of diameter equal to that of the
cone was cut in one face of the box. The loudspeaker was
mounted in the box by bolting the metal frame securely to
the face so that the cone faced outward through the circular
hole, in the usual manner for mounting loudspeakers. The
compliance of the air in the box Cy is then acoustically in
parallel with that of the cone suspension, C. The combined
compliance C is less than that of C alone. In the equivalent
analog circuit, Cj is in series with C. As a result, £, is in-
creased and the useful low-frequency range of the system is
degraded (Fig. 4).

C' and hence Cj can be determined from the increase in
/. by using the ratio of £, for (b) and (d) and the previously
determined value of C. The value for C; may be compared
with the expected value given by

Cp = Vp/VP,S?,

where ¥} is the box volume, P, the static air pressure, S the
cone area, and ¥ the ratio of specific heats for air.

Finally, the practice of most loudspeaker system manu-
facturers of filling the box with acoustically absorbent ma-
terial is investigated in (e) (Fig. 4). It is commonly assumed
that this is mainly to absorb unwanted reflections in the
box. The main purpose is actually to effect a lowering of £,
by increasing Cp. The acoustical material slows down the
air velocity in the box and makes the acoustical expansions
and rarefactions isothermal rather than adiabatic, hence
altering the value of ¥ and hence of C,.* Cotton wool was
used as the absorbent material in the experiment, but many
other similar materials will do as well.

The audio frequency in all the above experiments was
obtained by calibrating the dial of the audio oscillator
against the main’s 50-Hz frequency. The calibration

Fig. 4. (d) Same loud-
speaker mounted in total-
ly enclosed box
59X 34.5%31 cm. (e) as
(d), box filled with absor-
bent material.
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Table 1. Experimental values.

Total mass Total compliance
f, (Hz) (x107%kg) (X103 m/N)
(a) vacuum 62.5 2.40 2.69
(b) free mounted 46 4.44 2.69
(c) free mounted + 10g 25.5 14.44 2.69
(d) in box 65 4.44 1.35
(e) in box with material 57 4.4 1.76

showed the dial to be accurate to 5%.

Table I gives the values of f,, total mass, and total com-
pliance as obtained for each of the experiments (a) to (e).
The free-mounted mass was first determined by experi-
ments (b) and (c), and the free-mounted compliance then
determined. The mass in vacuum was then determined
from (a). The changes in compliance due to the box and the
acoustic material were then determined from (d) and (e).

Apart fromf,, the graphs of electrical impedance against
frequency may yield information about the mechanical im-
pedance of the loudspeaker. At these relatively low fre-
quencies, the electrical impedance of the coil may be taken
to be its dc value. Thus Z_,, and hence Z,, may be deter-
mined and compared with the values calculated from M
and C, provided B and / are also known.

The Q of the mechanical system may also be deduced
from the shape of the graphs. As in electrical systems, a

Two theorems in classical mechanics

Pankaj Sharan

sharp peak indicates a high Q and hence low mechanical
resistance, while a shallow peak indicates the reverse. For
example, the graph for (¢) shows a lower Q than that for (d),
indicating that the acoustic material in the box increased
the mechanical and acoustical resistance in the system.

CONCLUSION

The determination of £, by plotting the variation of mo-
tional impedance with frequency of a loudspeaker can thus
yield useful information on the low-frequency performance
of a loudspeaker. As it is often the low-frequency perfor-
mance that is of prime interest for a loudspeaker system,
these experiments are of interest to loudspeaker enthusiasts
among the students. It is also possible to extend the experi-
ments for other loudspeaker configurations. In particular,
the characteristic double peak for a properly tuned bass
reflex system can also be demonstrated. It is hoped that
others will find these experiments of interest in acoustics
courses.

'L. L. Beranek, Acoustics (McGraw-Hill, New York, 1954), pp. 83-88
and 183-190.

2L. E. Kinsler and A. R. Frey, Fundamentals of Acoustics (Wiley, New
York, 1962), pp. 247-259.

3Reference 2, pp. 256-257.

“Reference 2, pp. 270-272.

Physics Department, Allahabad University, Allahabad, India

(Received 13 November 1980; accepted for publication 22 July 1981)

Two simple results are proved for a set of physical quantities that are the classical analog of the

“complete set of commuting observables.”

I. INTRODUCTION

The border line of quantum and classical mechanics has
always been a source of insights into the conceptual struc-
ture of both the theories. The most striking feature is the so-
called analogy between the classical and quantum equa-
tions, between Poisson brackets and commutators, and so
on.

In 1917, Einstein' gave a very compelling geometric ar-
gument for the discreteness of energy (and other physical
variables) in the course of his attempt to generalize the
Bohr-Sommerfeld quantum conditions. This argument
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was later developed by Synge? for the relativistic case. The
essential feature of this argument is a theorem, a restricted
form of which was stated in “notes added to the proof” by
Einstein, but not proved by him, and has not been treated
by Synge. I think, for pedagogical reasons one should clear-
ly state and prove this theorem, especially so as the proof
happens to be very simple.® This is done in Sec. II.
Another aspect of the classical-quantum analogy is the
algebraic similarity of the Poisson bracket, and the com-
mutator. Now, an important concept in quantum mechan-
icsis that of a complete set of commuting observables intro-
duced by Dirac. A theorem in quantum mechanics says
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