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Question 4
A closed curve with positive orientation is made up of 4 curves Cy,C,, C; and
C, as shown in the diagram below.
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C, is the portion of the unit circle x> + y? = 1 that lies in the 1* quadrant. C,
is the portion of the circle x* + y? = 9 that lies in the 1 quadrant. Evaluate
the following line integrals:

(a)

fﬁ (— 7 + yz) dx + (—x - xz) dy
CitCytCatc, \ X2 T Y2 x% +y?

j <— 4 +y2> dx + (_x —xz) dy
CitCotcs N X2 T VP x? +y?

(b)

(a) By Green’s theorem,
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- [ () - (G ) s
=.U—2(x+y)dA

> 3
2
:f f—Zr(rcosH+rsin9)drd9
1

104

-3

Page 1 of 3



MA1506 Mathematics Il - AY2004/2005 Semester 2

(b)
57 )t (e )
- +y°)dx+|—5—=—x°|dy
L1+C2+Cg( x?% + y? x? + y?

+y2>dx+<

x
x% + y?

et ) ()
-1 (- d —x%)d
J;.4( x2+y2+y *F x% +y? )

s
Cy:7(0) =3cosOi+3sinbj, OSGSE

e
CiCptCarc, N X2 FY?

xz) dy

7'(8) = —3sinf1i+ 3cosHj

f (—L+y2>dx+<L—x2)dy=f
c, x2+y2 x2_|_y2 c
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j‘ ( y 4 2>d +( X 2>d 104 (n 36) 4
o —_—— y x ——x y = —_-—-— = —_—— [ —
C1+Co+C3 x2 + y? x2 + y? 3 2 3 2

Question 5
Let S be the portion of the unit sphere x* + y? + z2 = 1 in the first octant and
let C be the boundary of S. The orientation of C is counterclockwise when

looking down at the surface S. Find a vector field G(x,v,z) such that
Séxzdx +2xy dy + xzdz = Jfﬁ(x,y,z) -dS
C S

and evaluate the surface integral [[,G(x,y,z) - dS directly.

By Stokes’ theorem, G =V x F,
G = —zj + 2yk

- . A . . A T T
r(u,v) =sinucosvi+sinusinvj+ cosuk, OSuSE
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7, X 7, = sinucosvi+sinusinvj+ sinucosuk
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The k-component is non-negative, so this is the upward-pointing normal vector,

and this gives the correct orientation on S.
ff@(x,y,z) -dS = ﬂ G[F(w,v)]- (7, x 7,) dA

S D
G[#(w,v)] = —cosuj + 2sinusinvk

f f Gl v)] - (B, x 7) dA
D
n T
2 2 ~ ~
=f f(—cosuj+25inusinvk)-(sinzucosvi+sinzusinvj+sinucosuk)dudv
0o Jo
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= sin“ u cosu sinv du dv
o Jo
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