
1 We need to eliminate the fugacity z from

ρλ3 = g 3
2
(z) = z + 2−3/2z2 + · · · and βPλ3 = g 5

2
(z) = z + 2−5/2z2 + · · ·

for 0 < z � 1. This gives first z ∼= ρλ3 − 2−3/2(ρλ3)2, and then βPλ3 ∼= ρλ3 −
2−3/2(ρλ3)2 + 2−5/2(ρλ3)2 or, finally,

βP ∼= ρ− 2−5/2ρ2λ3 .

2 The canonical partition function is

Q(β, V,N) =
1

N !

[
V

(2πh̄)3

∫
(dp)e−βc|p|

]N
=

1

N !

[
V

(2πh̄)3
8π

(βc)3

]N
,

and the free energy is

F (β, V,N) = − 1

β
logQ = −N

β
+
N

β
log

π2(βh̄c)3

V/N
.

This yields

P = −∂F
∂V

=
N

βV
and U = F + TS = F + β

∂F

∂β
=
∂(βF )

∂β
=

3N

β
,

so that u =
U

V
= 3P . This is as expected, since we have a state density ∝ p2dp ∝

ε2dε with κ = 3 in (3.9.3) and (3.9.6).

3 We consider Etf[ρ]−Etf[ρtf] =
(
Etf[ρtf+x(ρ−ρtf)]−Etf[ρtf]

)
x=1
≡

f(x)
∣∣∣
x=1

and note that f(1) = f(0)+f ′(0)+ 1
2
f ′′(y) with 0 ≤ y ≤ 1. Here, f(0) = 0

by construction and f ′(0) = 0 since Etf[ρ] is stationary at ρtf, and we need to
verify that f ′′(y) ≥ 0. With ∆(r) = ρ(r)− ρtf(r), we have

f ′′(y) =
h̄2

10π2m

∫
(dr) (3π2)5/3

5

3

2

3
∆(r)2 [ρtf(r) + y∆(r)]−1/3

+
e2

2

∫
(dr)(dr ′)

∆(r) ∆(r ′)

|r − r ′|
,

where both terms are positive. It follows that f ′′(y) ≥ 0.



4

(a) Proceeding from

Ek =
∑
j


+J if sjsj+1 = −1
−J+ if sj = sj+1 = +1
−J− if sj = sj+1 = −1


=
∑
j

1

4
[(2J − J+ − J−) + (J− − J+)(sj + sj+1)− (2J + J+ + J−)sjsj+1]

=
1

4
N(2J − J+ − J−) +

1

2
(J− − J+)

∑
j

sj −
1

4
(2J + J+ + J−)

∑
j

sjsj+1

we identify

E =
1

4
(2J − J+ − J−) , E ′0 = J− − J+ , J ′ =

1

4
(2J + J+ + J−) .

(b) The partition function is

Q(βJ, βJ+, βJ−, N) = e−βNEλ+(βE ′0, βJ
′)N

with λ+(βE0, βJ) from (4.2.36) in (4.2.38), where the λN− term is negligibly
small.

(c) Here we have E = 0, E ′0 = −2ε, and J ′ = J . In F = NE−N
β

log λ+(βE ′0, βJ
′),

we need λ+(βE0, βJ) to first-order in βE0, which is λ+(0, βJ) = 2 cosh(βJ) as
there are no first-order terms. Accordingly, we obtain

F = −N
β

log
(
2 cosh(βJ)

)
+ · · · ,

where the ellipsis stands for terms of second and higher order in ε.


