
Physica A 388 (2009) 2666–2681

Contents lists available at ScienceDirect

Physica A

journal homepage: www.elsevier.com/locate/physa

Empirical analysis of quantum finance interest rates models
Belal E. Baaquie a,b, Cao Yang a,∗
a Department of Physics, National University of Singapore, Singapore
b Risk Management Institute, National University of Singapore, Singapore

a r t i c l e i n f o

Article history:
Received 10 December 2008
Received in revised form 4 February 2009
Available online 13 March 2009

Keywords:
Bond and Libor interest rate models
Empirical forward interest rates
Quantum finance

a b s t r a c t

Empirical forward interest rates drive the debt markets. Libor and Euribor futures data is
used to calibrate and test models of interest rates based on the formulation of quantum
finance. In particular, all the model parameters, including interest rate volatilities, are
obtained from market data. The random noise driving the forward interest rates is taken
to be a Euclidean two dimension quantum field. We analyze two models, namely the bond
forward interest rates, which is a linear theory and the Libor Market Model, which is a
nonlinear theory. Both the models are analyzed using Libor and Euribor data, with various
approximations to match the linear and nonlinear models. The results are quite good, with
the linear model having an accuracy of about 99% and the nonlinear model being slightly
less accurate. We extend our analysis by directly using the Zero Coupon Yield Curve (ZCYC)
data for Libor and for bonds; but due to some technical difficulties we could not derive the
models parameters directly from the ZCYC data.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

The quantum finance generalization of the Heath–Jarrow–Morton (HJM) [1] and BGM-Jamshidian [2,3] models is based
on replacing white noise by a two dimensional Gaussian quantum fieldA(t, x).
Forward interest rates f (t, x) are the interest rates, agreed upon at time t , for an instantaneous (overnight) loan at future

time x. Both bond and Libor forward interest rates are empirically studied using various approximation schemes. The bond
forward interest rates fB(t, x) are taken to be equal to empirical Libor; the volatility σ(t, x) and correlation of changes in
the forward interest rates are evaluated using market data. The Libor forward interest rates fL(t, x) are empirically studied
in the framework of the Libor Market Model and, in particular, the relation between stochastic Libor volatility v(t, x) and
deterministic volatility γ (t, x) of log Libor is analyzed.1
The empirical behavior of the forward interest rates have been extensively studied [4,5] and have also been studied in

the context of the Libor Market Model [6,7]. The market data for the ZCYC is analyzed for both the zero coupon bonds and
Libormarkets. It is seen that empirical ZCYC for bothmarkets could not be satisfactorily explained by themodels of the bond
and Libor ZCYC.
Libor futures data from 17 April 2002 to 29 April 2003, consisting of 261 trading days, is used for the empirical analysis.

The Treasury Bond market is empirically studied using ZCYC data for 523 trading days, from 29 January 2003 to 28 January
2005. The Libor ZCYC is empirically studied using 261 days of data from 10 October 2007 to 8 August 2008.
To make the article accessible to specialists not working in this field, all the background material to the topics discussed

have been included in the Appendices.

∗ Corresponding author.
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1 The term ‘Libor’ is sometimes used to represent both Libor and Euribor.
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Fig. 2. (a) Covariance of 〈δL(θ)δL(θ ′)〉c . (b) The normalized propagator is equal to 〈δL(θ)δL(θ ′)〉c/σ(θ)σ (θ ′).

Fig. 3. It is assumed that L(t, T ) ' f (t, T ). Covariance is given by C(θ, θ ′) = 〈δf (t, θ)δf (t, θ ′)〉c/
√
〈[δf (t, θ)]2〉c

√
〈[δf (t, θ ′)]2〉c ; the correlation for

Euribor forward interest rates is based on daily data from 26 May 1999 to 17 May 2004.

Comparing above result with Eq. (11) yields

〈δf (t, θ)δf (t, θ ′)〉c√
〈[δf (t, θ ′)]2〉c

√
〈[δf (t, θ)]2〉c

=
D(θ, θ ′)

√
D(θ, θ)D(θ ′, θ ′)

. (13)

Defining the normalized propagator to be equal to the normalized covariance makes it independent of σ(θ). No assumption
needs to be made regarding the form of the volatility. This is the reason for using the normalized propagator, rather than
the covariance itself, for modeling forward interest rates. In particular, parameters such as η, µ, λ and so on, which need
calibration in quantum finance models, are fitted from market data independent of the value of σ(θ).
Eq. (13) provides the link between market correlations and the predictions made by the model. The calibration of the

model’s parameters are based on this equation.
The empirical value of the correlation functions for the bond forward interest rates f (t, x) are estimated from themarket

Libor and Euribor futures data for L(t, T ) using the approximation

L(t, T ) ' f (t, T ).

Libor data from 17 April 2002 to 29 April 2003, consisting of 261 trading days, is used for evaluating all the correlation
functions. It is assumed that L(t, T ) ' f (t, T ). The empirical value of the covariance and normalized propagator for Libor is
shown in in Figs. 2(a) and 2(b) respectively; the empirical Euribor normalized propagator is given in Fig. 3.
The normalized propagator, for all values of its arguments, is always greater than about 0.55, showing that all the forward

interest rates are highly correlated. Any two forward rates are strongly correlated — no matter how large is their separation
in maturity time.

4.1. Volatility for market time

The relation between empirical volatility of the forward interest rates, namely σE(θ) and the volatility that appears in
the model, namely σ(θ), is discussed in Appendix C.
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Fig. 4. Empirically determined volatility function σ(θ) =
√
< δf 2(t, θ)>c and kurtosis(θ) =< [δf (t, θ)]4 > /σ 4(t, θ) − 3 for bond forward interest

rates.

From the definition of the stiff forward interest rates given in Eq. (34), the empirical covariance of the forward interest
rates is equal to the model covariance with remaining future time θ replaced by z(θ). Hence, from Eq. (10)

〈δf (t, θ)δf (t, θ ′)〉c = σ(z(θ))
D(z(θ), z(θ ′))

√
D(z(θ), z(θ))

√
D(z(θ ′), z(θ ′))

σ (z(θ ′)). (14)

Hence, for θ = θ ′

〈[δf (t, θ)]2〉c = σ 2E (θ) = σ
2(z(θ))

⇒ σ(z(θ)) = σE(θ).

In other words, no separate calculation is required for σ(z(θ)), but rather, volatility for market time is simply a re-labeling
of the empirical volatility σE(θ).
The empirical volatility and kurtosis for four different periods is shown in Fig. 4 and shows a significant variation over

time.

5. Stiff propagator and market time

The stiff Lagrangian and action, with future time generalized to market time, is discussed in Appendix D.
The empirical value of the normalized propagator of the forward interest rates Cz(θ, θ

′) does not change when going
to market future time. Instead, the description of this normalized propagator by the quantum finance model changes, and
consequently, the left-hand side of Eq. (14) depends only on the remaining future time variables θ, θ ′, whereas the right-
hand side depends only on the market time variables z(θ), z(θ ′). Writing the normalized propagator more explicitly, Eqs.
(35) and (36) yield

Cz(θ+; θ−) =
g+(z+)+ g−(z−)

√
[g+(z+ + z−)+ g−(0)][g+(z+ − z−)+ g−(0)]

(15)

z±(θ+; θ−) ≡ z(θ)± z(θ ′). (16)

The units for λ andµ are fixed so that λz andµz are dimensionless; since z = θη , define λz = [λ̃θ ]η so that new constant
λ̃ always has dimensions of (time)−1. η is a scaling exponent and is always dimensionless. In a unit where θ is measured in
years, the result of the empirical study is summarized below. The parameter b is defined by

µ̃ =
λ̃

(2 cosh(b))0.5/η
.

The market Euribor propagator, given in Fig. 3, can also be fitted with the stiff propagator. Fig. 5(a) shows the fit for
Euribor along the diagonal orthogonal to θ = θ ′ axis. The fit is almost perfect. Varying η as well all the other parameters
yields the best fit, given in Tables 1 and 2; the effect of market time is shown in Fig. 5(b). The fit, of the model, for Euribor
is even better than for Libor, with both fits having an overall accuracy of over 99.6%.

6. Euribor and Libor propagators: Market and model

For many interest rate options – such as a swap for which the floating interest rates are paid in US$ and the fixed
interest rates are paid in Euroe – one has to simultaneously model both the Libor and Euribor forward interest rates. For
an instrument that combines the US$ and Euroe all market participants should have the same subjective view of what
constitutes future time.
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Fig. 5. (a) Figure showing the fitted propagator for Euribor data from 1999.5.26 to 2004.5.17. (b) Figure shows Libor market time [λ(x − t)]η compared
with future time λ(x− t).

Table 1
The parameters for the Lagrangian ofAB(t, x), derived from Libor and Euribor data; the best fit was obtained by varying η.

λ̃B µ̃B bB ηB rms error for the entire fit

Libor 1.79/year 0.40/year 0.85 0.34 0.40%
Euribor 4.48/year 0.06/year 0.99 0.13 0.37%

Table 2
The parameters for the Lagrangian ofAB(t, x). Best fit for Libor and Euribor with common η = 0.19.

λ̃B µ̃B bB ηB rms error for the entire fit

Libor 2.273/year 0.07/year 1.245 0.19 0.82%
Euribor 2.831/year 0.21/year 0.816 0.19 0.69%

The stiff propagator with nonlinear maturity time z(θ) has an almost perfect match with Libor data, with a root mean
square error of only 0.4%. What is noteworthy is that, even though the nonlinear maturity variable z(θ) was introduced to
address the behavior of the propagator in the neighborhood of the diagonal axis, it continues to give the correct behavior
for the propagator even far from the diagonal region.
The η parameter quantifying market future time should be equal for instruments that share a common market and, in

general, for the Libor and Euribor markets. The reason for choosing η to be the same is mathematical as well as empirical;
for a Lagrangian to exist on the same domain of future time the variable z = θη has to be common to both the forward
interest rates.
The best fit was made based on both Libor and Euribor having the same η = 0.19. Data from the period from 26.5.1999

to 17.4.2004 yields the following parameters that fit data to better than 99% accuracy. If one takes η = 0.34 from the Libor
market, then the best fit obtained by varying the other parameters yields the following: λ̃L = 3.15; bL = 0.57 with root
mean square error= 1.78%.
Market future time for Libor and Euro is given by (x− t)0.19. For x− t = 2 years the dimensionless Libor market time is

[λ(x− t)]η = 1.33, in contrast to 4.54 for η = 1, as shown in Fig. 5(b).
Market future time z(θ) = θη is a result of far reaching significance. It shows that future time in the financial markets, as

proposed in Refs. [11,12], is significantly different (slower) than calendar time, and influences all financial instruments. The
market future time index ηmay vary over time, similar to volatility, in that it slowly changes over a long period of calendar
time as well as being affected by market sentiment.
The parameters of the stiff Lagrangian, in particular, the volatility σ(t, x) and µ, λ and η depend on the market and the

interest rate instrument one is fitting. Libor and Euribor give quite distinct values for the parameters; interest caplets yield
parameters different than those obtained from the Libor data or from swaption data [9]. For hybrid instruments that straddle
many instruments and markets, one needs to further develop the models considered so far.

7. Empirical analysis of the Libor Market Model

The LMM (Libor Market Model) is studied empirically for calibrating the model as well as for comparing the behavior
of Libor forward interest rates fL(t, x) with the log Libor field φ(t, x). A stiff propagator, with not necessarily the same
parameters as the bond forward interest rates, is assumed to drive both the Libor forward interest rates fL(t, x) and log
Libor field φ(t, x).
The defining equations of the Libor Market Model are given by Eqs. (3) and (2) as the following
∂ fL(t, x)
∂t

= µ(t, x)+ v(t, x)AL(t, x)


