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The main result of this paper is that a martingale evolution can be chosen for LIBOR
such that, by appropriately fixing the drift, all LIBOR interest rates have a common
market measure. LIBOR is described using a quantum field theory model, and a common
measure is seen to emerge naturally for such models. To elaborate how the martingale
for the LIBOR belongs to the general class of numeraires for the forward interest rates,
two other numeraires are considered, namely the money market measure that makes the
evolution of the zero coupon bonds a martingale, and the forward measure for which the
forward bond price is a martingale. The price of an interest rate cap is computed for all
three numeraires, and is shown to be numeraire invariant. Put-call parity is discussed in
some detail and shown to emerge due to some nontrivial properties of the numeraires.
Some properties of swaps, and their relation to caps and floors, are briefly discussed.
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1. Introduction

LIBOR (London Inter Bank Overnight Rates) are the interest rates for Eurodollar
deposits. LIBOR is one of the main instruments for interest rates in the debt market,
and is widely used for multifarious purposes. The main focus of this paper is on
the properties of LIBOR, and in particular finding a common measure that yields
a martingale evolution [12] for all LIBOR. Two other numeraires for the forward
interest rates are also considered, namely the money market numeraire and the
forward measure for bonds.

All calculations are performed using the field theory for the forward interest rates
that has been introduced in [1-3].! The main advantage of modeling the forward

L Another approach towards the forward rates is given in [6].
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interest rates using field theory is that there are infinitely many random variables
at each instant driving the forward rates. In particular, for the case of LIBOR rates,
it will be shown, unlike the usual models in finance, a numeraire can be chosen so
that all the LIBOR instruments simultaneously have a martingale evolution [5].

The price of any financial instrument in the future has to be discounted by a
numeraire to obtain its current price. The freedom of choosing a numeraire results
from the fact that for every numeraire there is a compensating drift such that
the price of any traded instrument is independent of the numeraire. “Numeraire
invariance” is an important tool in creating models for the pricing of financial
instruments [12], and is verified for the case of LIBOR derivatives by using three
numeraires for pricing an interest caplet. As expected, the price of the caplet is
numeraire invariant.

In Sec. 2 the field theory of forward rates is briefly reviewed. In Sec. 3 the three
numeraires are discussed, and the corresponding drift velocities are evaluated. In
Sec. 4 the price of a mid-curve interest caplet is priced for the three numeraires,
in Sec. 5 put-call parity is derived for the three cases, in Sec. 6 interest swaps are
discussed, and with some conclusion drawn in Sec. 7.

2. Quantum Field Theory Model of Forward Interest Rates

The field theory of forward rates is a general framework for modeling interest rates
that allows for a wide choice of evolution equation for the interest rates.

The LIBOR forward interest rates f(t,z) are the interest rates, fixed at time ¢,
for an instantaneous loan at future times x > t.2 Let A(t,z) be a two dimensional
quantum field driving the evolution of forward rates f(t, ) through time, defined by

af(t,x)

5 =a(t,z) + o(t,z)A(t, x), (2.1)

where «a(t, x) is the drift of the forward interest rates that will be fixed by a choice
of numeraire, and o(t, x) is the volatility that is fixed from the market [1]. One is
free to choose the dynamics of how the field A(t, z) evolves.
Integrating Eq. (2.1) yields
t

f(t,x) :f(to,x)+/ dt’a(t’,x)+/ dt'o(t',x)A(t', ), (2.2)

to to
where f(to,x) is the initial forward interest rates term structure that is specified
by the market.
The price of a LIBOR bond, at present time ¢, that matures at some future time
T >t is denoted by B(t,T), and is defined in terms of the forward interest rates
as follows

T
B(t,T) = e Je dof(to), (2.3)
2LIBOR forward interest rates carry a small element of risk that is not present in the forward

rates that are derived from the price of zero risk US Treasury bonds. All calculations in this paper
are based on LIBOR rates.
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Following Baaquie and Bouchaud [4], the Lagrangian that describes the evolu-
tion of instantaneous LIBOR forward rates is defined by three parameters u, A, 7,
and is given by?

2 5 N 2
HM=—%%ﬂu@+%(&ﬁf» +%(Q%%J>}, (2.4)

where market (psychological) future time is defined by z = (x — ¢)".

The Lagrangian in Eq. (2.4) contains a squared Laplacian term that describes
the stiffness of the forward rate curve. Baaquie and Bouchaud [4] have demon-
strated that this formulation is able to accurately account for the phenomenology
of LIBOR interest rate dynamics. Ultimately, all the pricing formulae for caps and
floors depend on

e the volatility function o(t, x);
e parameters u, A, 7 contained in the Lagrangian; and
e on the initial term structure f(to, z).

The action S[A] and the partition function Z of the Lagrangian is defined as
ﬂ&:/‘ﬁ/ d=L]A), (2.5)
to 0
Z:/Dmﬁ% (2.6)

where the symbol [ DA stands for a path integral over all possible values of the
quantum field A(t, x).

All expectation values, denoted by E[-], are evaluated by integrating over all
possible values of the quantum field A(t, z). The quantum theory of the forward
interest rates is defined by the generating (partition) function [1] given by

Z[J] = E[ef;jj dt [ dz](t,z)A(t,z)]

_ % /DA GSIAIHIET dt [ d=J (t.2)A(t.2)

= exp(% /t:o dt /000 dzdz'J(t,z)D(z, z’;t)J(t,z/)). (2.7)

All financial instruments of the interest rates are obtained by performing a
path integral over the (fluctuating) two dimensional quantum field A(t, z). The
expectation value for an instrument, say L[A], is defined by the functional average
over all values of A(t, z), weighted by the probability measure e%Z; the following
notation will be used for denoting the expectation value

E@mnz%/DAqmﬁw. (2.8)

3More complicated nonlinear Lagrangians have been discussed in [1, 3].
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This a key equation that relates the formulation of finance based on stochastic cal-
culus [10] to the one based on path integrals [1]; both formulations evaluate the same
expectation values using different formalisms — in the path integral approach the
averaging is carried out by performing an infinite dimensional functional integration.

For simplicity of notation, we only consider the case of n = 1 and replace all
integrations over z with those over future time x.

3. Numeraire and Drift

The drift velocity a(t,z) is fixed by the choice of numeraire. The LIBOR market
measure is first discussed, and then the forward measure and money market measure
are discussed to elaborate different choices for the numeraire of forward rates. The
drift velocity for each numeraire is evaluated.

3.1. LIBOR market measure

For the purpose of modeling LIBOR term structure, it is convenient to choose an
evolution such that all the LIBOR rates have a martingale evolution [8]. The deposit
and payment dates are pre-fixed at 90-day intervals, denoted by T,,. The LIBOR
forward interest rates, denoted by L(t,T),), are simple interest rates, agreed upon
at time t < T),, for the payment that one would receive for a future time deposit
from T, to T, + ¢, with payments made in arrear at (future) time T}, + £.

In terms of the (compounded) forward interest rate f(¢,x) LIBOR is given by

L(t,T,) = %(effi'“ def(te) _q), (3.1)

To understand the discounting that yields a martingale evolution of LIBOR rates
L(to, Ty,) re-write LIBOR as follows

L(t,Tn) = %(€f72111+£ def(t,z) _ 1)

_ 1 B(taTn)_B(taTn‘f'e)
_Z{ B(t,T, + ) }

(3.2)

The LIBOR is interpreted as being equal to the bond portfolio (B(t, T,)—B(t,T,+
6)) /1, with the discounting factor for the LIBOR market measure being equal to
B(t, T, + ¢). Hence, the martingale condition for the LIBOR market measure,
denoted by Fyp[-], is given by

B(thTn) - B(t07Tn + e) - B B(t*aTn) - B(t*aTn + e)
Blto, Tn + 0) -k B(t.,Tn + ) '

(3.3)

In other words, the market measure is defined such that the LIBOR L(tg,T;,) for
each T, is a martingale; that is, for ¢, > tg

Lito, Tp) = Er[L(ts, Ty)]. (3.4)
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In terms of the underlying forward interest rates, the LIBOR’s are given by the
following

Tn+l T+l
FOE/ " dx f (to, x); F*E/ " da f(ts, x) (3.5)

n n

= L(tg,T)) = %(eFO —1); Lt Ty) = %(eF* -1), (3.6)

and hence from Egs. (3.4) and (3.6) the martingale condition for the LIBOR market
measure can be written as

efo = Brlef]. (3.7)

Denote the drift for the market measure by ay(t,z), and let T,, < x < T;, + £;
the evolution equation for the LIBOR forward interest rates is given, similar to
Eq. (2.2), by

t t
F(t2) = flto, z) + / dar(tz)+ / ot 1) Al z). (3.8)
to to
Hence
EL[BF*] _ eF0+fM aL(t’,x)i /DABIM a(t/,ac)A(t/,x)eS[A} (3 9)
Z ’ '

where the integration domain M is given in Fig. 1.
Hence, from Egs. (2.7), (3.7) and (3.9)

e—fM ar(t,z) _ / DAefM a(t,x)A(t,x)eS[A]

1 ty Tn+4
= eXp{§/ dt/T dxdx'a(t,x)D(x,x’;t)a(t,x’)}. (3.10)
to n

{t,. Ty (4. ToH)

t, //
2

to (toto) (l[?,Tn) (tu,ng +H)

to t Th TrH X

*

Fig. 1. The domain of integration M for evaluating the drift of the LIBOR market numeraire.
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Hence the LIBOR drift velocity is given by

x
ap(t,r) = —a(t,x)/ di'D(z,2";t)o(t,2'); T, <z <T,+L  (3.11)
Tn

The LIBOR drift velocity «ay(t,x) is negative, as is required for compensating
growing payments due to the compounding of interest. Figure 2 shows the behavior
of the drift velocity ap(t, ), with the value of o (¢, z) taken from the market [1, 11].
One can see from the graph that, in a given LIBOR interval, the drift velocity is
approximately linear in forward time and the maximum drift goes as £o%(t, z), both
of which is expected from Eq. (3.14).

There is a discontinuity in the value of «ay (t,x) at forward time x = Ty,; from
its definition

ar(t,T,) = 0. (3.12)

Approaching the value oy (¢, ) from z < T;,, the discontinuity is given by

AaL(t,mz[ lim aL(t,Tn)}—aL(t,Tn)

z—T), —

T7L
= —of(t, x)/ dz'D(z,2';t)o(t,x'). (3.13)
T, —t

Since the time-interval for LIBOR ¢ = 90 days is quite small, one can approxi-
mate the drift by the following

ap(t,z) ~ —(x —Ty)o?(t,x); T, <ax<T,+7, (3.14)

Drift for the common LIBOR market measure
8.00E-009

7.00E-009—-
6.00E—009—-
5.00E-009—-
4.00E-009—-
3.00E-009—-
2.00E-009—-

1.00E-009

Negative of drift velocity of LIBOR

0.00E+000

-1.00E-009 +—+—————— 11—
0.0 05 1.0 1.5 2.0 25 3.0 35 40 45 50 55 6.0 65 7.0

Time (year)

Fig. 2. Negative of the drift velocity, namely —ar (¢, ), for the common LIBOR market measure,
which is equal to the drift velocity ag(t, z) for the forward LIBOR measure.
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since the normalization of the volatility function can always be chosen so that
D(z,z;t) =1 [1]. The value of discontinuity at = = T), is then approximately given
by —lo?(t, T},).

3.2. Forward measure

It is often convenient to have a discounting factor that renders the futures price
of (LIBOR or Treasury) bonds into a martingale. Consider the forward value of a
bond given by

T+ B(to T, 1)
Ft Tn = an dﬂf(t(hx) = 7’ + . 3~15
o) = Blto.T,) (349)

The forward numeraire is given by B(to, T}, ); the drift velocity is fixed so that the
future price of a bond is equal to its forward value; hence

Ty, Tn,
eian +1 dz f(to,x) _ EF [67 T +1 da:f(t*,a:)] ) (316)

In effect, as expressed in the equation above, the forward measure makes the
forward bond price a martingale. To determine the corresponding drift velocity
ap(t,x), the right side of Eq. (3.16) is explicitly evaluated. Note from Eq. (2.2)

Ep [e—ff:"H dacf(t*,x)] _ e—f;zl+l da f(to,x)— [, ar(t',z) / DAe—fM a(t’,x)A(t’,ac)eS[A]’

where the integration domain M is given in Fig. 1.
Hence, from Egs. (2.7), (3.16) and (3.17)

efM afp(t,z) _ / DAeffM o’(t,a:)A(t,z)GS[A]

1 [t Th+1
= exp{§/ dt/ dxdx'a(t,x)D(x,x';t)a(t,x’)}. (3.17)
to n

Hence the drift velocity for the forward measure is given by

xT
ap(t,r) = J(t,x)/ do'D(z, 2" t)o(t,2"); T, <x<T,+L. (3.18)
Tn

The LIBOR drift velocity ar(t,«) is the negative of the drift for the forward
measure, that is

ap(t,z) = —ap(t, z).

Figure 2 shows the behavior of the drift velocity ap(t,x).

3.3. Money market measure

In Heath, Jarrow and Morton [7], a martingale measure was defined by discounting
Treasury Bonds using the money market account, with the money market numeraire
M (t,t.) defined by

M(t,t,) = el r)dt’ (3.19)
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for the spot rate of interest r(t) = f(t,t). The quantity B(¢t,T)/M(t,t) is defined
to be a martingale

B(t,T) B(t.,T)
M(t,t) M[M(t,t*ﬂ

= B(t,T) = Ey[e )" 7% B¢, T)], (3.20)

where F)js[-] denotes expectation values taken with respect to the money market
measure. The martingale condition can be solved for its corresponding drift velocity,
which is given by [1]

ap(t,z) =o(t, z) /t:lc da' D(z, 2" t)o(t,a). (3.21)

4. Pricing a Mid-Curve Caplet

An interest rate cap is composed out of a linear sum of individual caplets. The
pricing formula for an interest rate caplet is derived for a general volatility function
o(t,z) and propagator D(x,2’;t) that drives the underlying LIBOR forward rates.

A mid-curve caplet can be exercised at any fixed time t, that is before the
time T, at which the caplet caps the interest rate. Denote by Caplet(to, t«,T},) the
price — at time tq — of an interest rate European option contract that must be
exercised at time t, > to for an interest rate caplet that puts an upper limit to
the interest from time T}, to T}, + ¢. Let the principal amount be equal to V', and
the caplet rate be K. The caplet is exercised at time t,, with the payment made in
arrears at time T,, + £. Note that although the payment is made at time T}, + ¢, the
amount that will be paid is fixed at time t.. The various time intervals that define
the interest rate caplet are shown in Fig. 3.

The payoff function of an interest rate caplet is the value of the caplet when it
matures, at tg = t., and is given by

Caplet(ty, t., Tp) = OV B(t., T + €)[L(t., T) — K] (4.1)
B * 9 Tn - B * 9 Tn
_ ev{ (tTn) = Bl Totl) _ ppy 1,40
¢ +
= VB(t., T, + £)(Xe™ - 1), (4.2)
where recall from Eq. (3.17)
T+t 1 :
te tr T, T+ t

Fig. 3. Time intervals in the pricing of Caplet(to, t«, Th).
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The payoff for an interest rate floorlet is similarly given by
Flootlet(t., t., Tn) = LV B(t., Ty, + ) [K — L(t., Tn)]
= VB(t., Ty + £)(1 - Xe™) . (4.3)

As will be shown in Sec. 5, the price of the caplet automatically determines the
price of a floorlet due to put-call parity, and hence the price of the floorlet does not
need an independent derivation.

An interest rate cap of a duration over a longer period is made from the sum
over the caplets spanning the requisite time interval. Consider a mid-curve cap, to
be exercised at time ¢, with strike price K; from time j¢ to time (j +1)¢, and with
the interest cap starting from time T,,, = m{ and ending at time T, + ¢ = (n+ 1)¢;
its price is given by

Capl(to,t.) = »_ Caplet(t, t., Tj; K;), (4.4)

Jj=m

and a similar expression for an interest rate floorlet.

4.1. Forward measure calculation for caplet

The numeraire for the forward measure is given by the LIBOR bond B(t, T},). Hence
the caplet is a martingale when discounted by B(t¢,T),); the price of the caplet at
time tg < t. is consequently given by
Caplet(to,ts, 1) Caplet(t.,t., Ty)
B(to,T,) | B(t.Tn)
= VEF (X — efF*)

+
Hence the price of a caplet is given by

Caplet(to, t., Tn) = VB(to, Tn)Er(X — e ), (4.5)

and is in agreement with the payoff function Eq. (4.2) for ¢ty = t.. The payoff
function for the caplet given in Eq. (4.5) for the interest caplet has been obtained
in [1] and [9] using a different approach.

The price of the caplet is given by [1]

~ +00
Caplet(to, t., Tp) = VB(tO,Tn)/ dGU (G (X —e %)y, (4.6)

—0o0

with the pricing kernel ¥ (G) = ¥ (G, to, t«,T,) given by
1 1 Tn+‘€ q2 2
Urp(G) =15 exp{ (G —/ dx f(to,x) — 5) }, (4.7)

2rg? | 24
q2 = q2 (t07 t*a Tn)

t T+t
= / dt/ dz dz'o(t,z)D(x, 2’ t)o(t, x"). (4.8)
to n

n
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The price of the caplet is given by the following Black—Scholes type formula

Caplet(to, t., Tn) = VB(to, T) [XN(—d_) — FN(—d, )] (4.9)
where N(dy) is the cumulative distribution for the normal random variable and
F = 722"'*"" da f(to,x) _ e~ o
1 F 7
dy = —|ln| = | £ = 4.1
g [D<X ) 2 ] 410

4.2. LIBOR market measure calculation for caplet

The LIBOR market measure has as its numeraire the LIBOR, bond B(t., T, + ¢);
the caplet is a martingale when discounted by this numeraire, and hence the price
of the caplet at time ¢y < t. is given by
Caplet(to, t.,T,) B {Caplet(t*,t*,Tn)}
B(to,Tn+0) " B(t.,Tw+0)
=VEL(Xef" — 1),

= Caplet(to, t., Tn) = VB(to, Tn + £)Er(Xef™ — 1), (4.11)
where, similar to the derivation given in [1], the price of the caplet is given by
—+oo
Caplet(to, t., Tn) = VB(to, Tp, + E)/ dGUL(G)(XeY —1)y.  (4.12)

For ¥ (G) = V1 (G,to, ts,Ty) the pricing kernel is given by
1 1 Tn+L q2 2
U (G) = Wexp{—ﬁ(G—/n dxf(to,x)—l—?) } (4.13)
The price of the caplet obtained from the forward measure is equal to the one

obtained using the LIBOR market measure since, from Eqs. (4.6) and (4.7), one
can prove the following remarkable result

B(t,T,)Vr(G)(X —e %)y = B(t, T, + ) (G)(Xe¥ —1),. (4.14)
The identity above shows how the three factors required in the pricing of an interest
rate caplet, namely the discount factors, the pricing kernel and the payoff functions,
all “conspire” to yield numeraire invariance for the price of the interest rate option.

The payoff function is correctly given by the price of the caplet, since in the
limit of tg — ., Eq. (4.8) yields

nt+l
lim ¢* = (t. —to)/ drdr'o(t,z)D(z,2';t)o(t,x)
Tn

to—t«
=eC, (4.15)
where C' is a constant, and € = ¢, — to. Hence, from Eqgs. (4.12) and (4.13)
+o00
lim Caplet(to, t., ) = VB(t., T, +£)/ dGS(G — F)(Xe® 1),
to—tx — 00

= VB(t,, T, + 0)(Xe™ — 1),
verifying the payoff function is the one given in Eq. (4.2).
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4.3. Money market calculation for caplet

The money market numeraire is given by the spot interest rate M (to,t.) =
exp{ ft dtr(t)}. Expressed in terms of the money market numeraire, the price of
the caplet is given by

Caplet(to, t«, Tn) Caplet(t.,ts, Tp)
M(to,to) M(to, t.)

= Caplet(to, t., Ty)) = Enrle o0 “OCaplet(t., ., T,)].

To simplify the calculation, consider the change of numeraire from M (tg,t.) =
exp{ftf: dt'r(t')} to discounting by the Treasury bond B(t,t.); it then follows [1]
that

tx
e g ) eS - B(to, t.)e,

where the drift for the action S, is given by [1]

a.(t,r) = o(t,x) /w dz'D(z,2';t)o(t,x'). (4.16)

ta

In terms of the money market measure, the price of the caplet is given by

Caplet(to, t«, Ty) = En [eiffto* dtr(t)Caplet(t*,t*,Tn)]
= Bl(to, t.)Ey[Caplet(ts, to, T,)]
= VB(to, t.)Ejy[B(te, Tn + 0)(Xef* —1),].  (4.17)

From the expression for the forward rates given in Eq. (2.2) the price of the caplet
can be written out as follows

Caplet(to, ta, Tn) = VB(to, t.) Eif[B(te, T 4+ £)(Xef™ —1)4]
. 1
= VB(ty, T + £)e = 7 /DAe*fn oAt (Xe™ — 1),

where the integration domain R is given in Fig. 4.
The payoff can be re-expressed using the Dirac delta-function as follows

(Xef —1), = /dGcS(G — F)(Xe% 1),

d€ ie(G-r.
= /dG/ﬂe SO (XeT - 1), (4.19)

From Eq. (2.2), and domain of integration M given in Fig. 1, one obtains

T+t
F*E/ dxf(t., x)

n

Tn+t
:/ dxf(to,x / a + / cA.

n
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. TaH)
tt
to (tol) (o) L)

0 ot Tn TreH X

Fig. 4. Domain of integration R for evaluating the price of a caplet using the money market
numeraire.

Hence, from Egs. (4.18) and (4.19) the price of the caplet, for Fy =

f;:?+‘€ dxf(t()? QL'), iS giVen by

Caplet(to, t., Tn) = VB(to, t.)Es;[B(ts, T,y + 0)(Xef™ —1)4]
= VB(to, T, + £)e Jr /dG/ g—geiﬂG—Fo—fM @) (Xe¥—1),
™

X %/DAe_ JroAeiE Jam o AeSy, (4.20)
To perform path integral note that
t Ty 4¢
/ cA+ i§/ cA = / dt/ dxo(t,z)A(t, z)
R M to t
t T +0
+i€ dt/ dzo(t,x)A(t, z)
to T
and the Gaussian path integral using Eq. (2.7) yields
7 /DAe—fR TAZIE Jry TAS. _ o
Z
where
1 ty Tn+4
r= 5/ dt/ drvdx'o(t,z)D(x, 2" ;t)o(t,x)
to te
52 t. Tn+L
- ?/ dt/ drvdx'o(t,z)D(x, 2" ;t)o(t,x)
to n

t Tntt Tntt
+i€ dt/ dx/ da'o(t,x)D(x,2";t)o(t, 2").
to ty n



Common Market Measure for LIBOR Interest Rates 1011

The expression for I' above, using the definition of ¢2, .. given in Eqgs. (4.8) and
(4.16) respectively, can be shown to yield the following

_ € 5. Lo
F—/Roz*—?q +z§</Moz*+§q>. (4.21)

Simplifying Eq. (4.20) using Eq. (4.21) yields the price of the caplet as given by
Caplet(to, t., T) = V B(to, T + 0) / dGUL(G)(XC —1),.  (4.22)

—0o0
Hence we see that the money market numeraire yields the same price for the caplet
as the one obtained for the LIBOR market measure, but with a longer derivation.

4.4. Numerical example

To illustrate the differences in the choice of numeraire, a typical example is fully
worked out. Since the final expression for the LIBOR market and money market
numeraire are equal, only the LIBOR market measure and forward numeraire are
considered.
The integrand required for evaluating the price of a caplet for the LIBOR and
forward numeraire are given, from Eq. (4.14) by
Forward numeraire : B(t, T,,)¥r(G)(X — e~ %),
LIBOR numeraire : B(t, T), + £)¥1(G)(Xe¥ — 1)
j— 1 .
C14(K]
Consider a caplet that matures at a fixed date, say T, = 2004.12.13 (13
December 2004), with strike price of K = 0.02% and let G = 0.01 in the above
formulae. The factors that go into the integrand are evaluated for a range of time
interval ¢ € [2003.9.12-2004.5.7], and given in Figs. 5 and 6. Data on US Treasury
bonds is taken from the market. The payoff functions (X — e~ %)y, (Xe — 1),
differ only by a constant scale factor and hence are not plotted. The result for the
difference of the integrands — given in Fig. 7 — verifies, within the errors of the
computation, the numeraire invariance of caplet pricing.

¢ = 3 months (4.23)

5. Put-Call Parity for Caplets and Floorlets

Put-call parity for caplets and floorlets is a model independent result, and is derived
by demanding that the prices be equal of two portfolios — having identical payoffs
at maturity — formed out of a caplet and the money market account on the one
hand, and a floorlet and futures contract on the other hand [9]. Failure of the prices
to obey the put-call parity relation would then lead to arbitrage opportunities. More
precisely, put-call parity yields the following relation between the price of a caplet
and a floorlet

Caplet(to, t., T) + V B(to, T, + ) = Floorlet(to, t., T,,) + V B(to, T, + £) X e,
(5.1)
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Fig. 5. The discounting Treasury bonds B(t, Tn), B(t, Tr +¢) for the LIBOR and forward measure
respectively for T,, = 2004.12.13 and ¢ € [2003.9.12-2004.5.7].
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Fig. 6. The difference in pricing kernel for the forward and LIBOR numeraires ¥ (G) — ¥1(G)
with G = 0.01 and for ¢ € [2003.9.12-2004.5.7].

where the other two instruments are the money market account and a futures
contract.

Re-arranging Eq. (5.1) and simplifying yields
Caplet(to, t«, Tp) — Floorlet(tg, t«, Ty) = £V B(to, Ty, + £)[L(to, T},) — K]
= value of swaplet. (5.2)
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Fig. 7. The difference of the integrands for the LIBOR and forward numeraires B(t, T, )V p (G)(X —
e=G)y — B(t,Tn + )V (G)(XeC — 1)1 with Ty, = 2004.12.13, G = 0.01 and for ¢ € [2003.9.12—
2004.5.7].

The right hand side of above equation is the price, at time tg, of a forward or
deferred swaplet, which is an interest rate swaplet that caps the interest rate at
time T,; swaps are discussed in Sec. 6.

In this section a derivation is given for put-call parity for interest rate caps and
floors. The derivation is given for the three different numeraires, and illustrates
how their properties are essential for the price of the caplet and floorlet to satisfy
put-call parity.

The payoff for the caplet and a floorlet is generically given by

(a =)+ = (a—b)O(a—D),

where the Heaviside step function O(z) is defined by

1 >0
Oz)=33 ==0
0 z<0.

The derivation of put-call parity hinges on the following identity
O(x)+0O(—z) =1, (5.3)

since it yields, for the difference of the payoff functions of the put and call options,
the following

(a—b)s — (b—a)y = (a—b)Oa—b) - (b— )b - a)

=a—>b. (5.4)
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5.1. Put-call parity for forward measure

The price of a caplet and floorlet at time ¢y is given by discounting the payoff
functions with the discounting factor of B(to,T;,). From Eq. (4.6)

Caplet(t., ty, Ty)
= VB(to, T,)Er(X —e ),

Caplet(tg, t«, Ty,) = B(to,Tn)Er

and the floorlet is given by

Floorlet(tg, s, T},) = VB(to, Tp)Er (e_F* - X)+' (5.5)
Consider the expression
Caplet(to, t«, Tp) — Floorlet(to, t., Tp) (5.6)
= VB(to, T [Er(X — ™4 — Ep(e™™ — X).]
= VB(tO7Tn)EF(X — G_F*), (57)
where Eq. (5.4) has been used to obtain Eq. (5.7).
For the forward measure, from Eq. (3.16)
Eple ] = e~ 10, (5.8)

Hence, since for constant X we have Erp(X) = XEr(1) = X, from above equation
and Eq. (5.7), the price of a caplet and floorlet obeys the put-call relation

Caplet(to, t., Ty) — Floorlet(to, t,, Ty) = VB(to, T, ) Er (X - e_F*)
= VB(to, T,,)(X — e 0)
= EVB(th Tn + 5)([/(750, Tn) - K)) (59)

and yields Eq. (5.1) as expected.

5.2. Put-call for LIBOR market measure
The price of a caplet for the LIBOR market measure is given from Eq. (4.11) by

Caplet(to, t., T,) = VB(to, T, + {)Er(Xef™ — 1), (5.10)
and the floorlet is given by
Floorlet(to, t., Tn) = VB(to, T, + £)Er(1 — Xef™) . (5.11)
Hence, similar to the derivation given in Eq. (5.7), we have
Caplet(to, t., T) — Floorlet(to, t., T) = VB(to, Ty + 0)Er(Xef —1).  (5.12)
For the LIBOR market measure, from Eq. (3.7)

Eple™] = e,
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and hence equation above, together with Eq. (5.12), yields the expected Eq. (5.1)
put-call parity relation

Caplet(to, t., Ty) — Floorlet(to, t., Ty) = VB(to, T), + £)(X e — 1)
= (VB(to, T, + {)(L(to, T;,) — K).

5.3. Put-call for money market measure

The money market measure has some interesting intermediate steps in the deriva-
tion of put-call parity. Recall the caplet for the money market measure is given from
Eq. (4.20) as

Caplet(to, t+, Tp,) = Enle I dtr(t)Caplet(t*, tu, Th)]-
Using the definition of the payoff function for a caplet given in Eq. (4.2) yields
Caplet (to, t., Ty) = f/EM(e*ftZ* WX B(ts, T) — Blte, T + 0)] +).
The price of a floorlet is similarly given by
Floorlet(tg, ty, Ty) = VEM(efftto* dr(t) [B(ts, Ty + £) — X B(t., Tn)]+).

Consider the difference of put and call on a caplet; similar to the previous cases,
using Eq. (5.3) yields the following

Caplet(to, t«, T,) — Floorlet(to, ts, T))
_ VEMG—I%* WO X B(t., Tp) — B(ta, Ty + e)]). (5.13)
The martingale condition given in Eq. (3.20) yields the expected result given in
Eq. (5.1) that
Caplet(to, t«, Tp) — Floorlet(to, t«, T),) = V[XB (to, Tn) — B(to, Tn + 0)]
VB(to, T, + £)(Xef® — 1)
2% (thTn‘i‘g)(L(thTn) _K)-

To obtain put-call parity for the money market account, unlike the other two
cases, two instruments, namely et dtr(t)B(t*,Tn) and e Jio dtr(t)B(t*,Tn +0),
have to be martingales, which in fact turned out to be the case for the money
market numeraire.

6. Swaps, Caps and Floors

An interest swap is contracted between two parties. Payments are made at fixed
intervals, usually 90 or 180 days, denoted by T,,, with the contract having notional
principal V', and a pre-fixed total duration, with the last payment made at time
Tn + L. A swap of the first kind, namely swapy, is where one party pays at a
fixed interest rate Rg on the notional principal, and the other party pays a floating
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interest rate based on the prevailing LIBOR rate. A swap of the second kind, namely
swapyr, is where the party pays at the floating LIBOR rate and receives payments
at fixed interest rate Rg. Both swapy and swapy; are obligatory contracts and hence
can be thought of as forward contracts on interest rates.

To quantify the value of the swap, let the contract start at time Ty, with pay-
ments made at fixed times T;, = Ty + nf, with n =1,2,..., N. Consider a swap in
which the payments at the fixed rate is given by Rg; the values of the swaps are
then given by [9]

swap; (To, Rs) = V |1 — B(To, T + £) — LRs SN B(Ty, T, + £)

b

(6.1)
swapy (To, Rs) =V

(Rg ZnNzo B(To, T, +¢)+ B(t,Tn +¢) — 1] )

The par value of the swap when it is initiated, that is at time Tp, is zero; hence
the par fixed rate Rp, from Eq. (6.1), is given by [9]

swap;(To, Rp) = 0 = swap;; (To, Rp)
1— B(TQ,TN -I-E)
Zg:() B(T07Tn+£)

= (Rp =

Recall from Eqs. (5.2) and (4.4) that a cap or a floor is equal to a linear sum
of caplets and floorlets. Hence put-call parity for interest rate caplets and floorlets
given in Eq. (5.2) in turn yields the following

N
Cap(to, t«) — Floor(tg, ts) = Z [Caplet(to,t*,Tn; K) — Floorlet(to, ts, Tn; K)]
n=0
N
= (V'Y B(to, Tn + ) [L(to, T»)) — K. (6.2)
n=0

The price of a swap at time ty < Tp is similar to the forward price of a Treasury
bond, and is called a forward swap or a deferred swap.* Put-call parity for caps and
floors gives the following value for a forward swap

N
SWap](tO, RS) =LtV Z B(to, TTL + e) [L(to, Tn) - RS] ) (63)
n=0
N
swapy (to, Rs) = (V' > _ B(to, Ty + €)[Rs — L(to, T)]. (6.4)
n=0

The value of the swaps, from Eqgs. (6.3) and (6.4), can be seen to have the follow-
ing intuitive interpretation: At future time 7,, the value of swap; is the difference

4A swap that is entered into after the time of the initial payments, that is, at time to > Tp can
also be priced and is given in [9]; however, for the case of a swaption, this case is not relevant.
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between the floating payment received at the rate of L(T},,T},), and the fixed pay-
ments paid out at the rate of Rg. All payments are made at time 7}, 4+ ¢, and hence
for obtaining its value at time t( the difference between floating and fixed payments,
namely L(Ty,T,,) — Rg, needs to be discounted by the bond B(to, T, + £).

The definition of L(to,T;,) given in Eq. (3.2) yields the following

N
EVZB to, Tn + 0)L(to, T) = vz (to, Tn) — B(to, Ty, + 0)]

n=0

V[B(to, To) — B(to, Tn + 0)]
= V[1-B(Ty, Ty + ()] forto=T,. (6.5)
Hence, from Eq. (6.3)

N
swap;(to, Rs) = V| B(to, To) — B(to, T +£) — (Rs > B(to, T +¢)|, (6.6)
n=0
with a similar expression for swap;;. Note that the forward swap prices, for to — T,
converge to the expressions for swaps given in Eq. (6.1).
At time ¢y the par value for the fixed rate of the swap, namely Rp(to), is given
by both the forward swaps being equal to zero. Hence

swap;(to, Rp(to)) = 0 = swapy (to, Rp(to))
B(to,To) — B(to, Tn + £)

= (Rp(to) =
Zﬁfzo B(t()a Tn + ‘g)
1—F(ty, Ty, Ty + ¢
- (o, To, Tn +€) where F(to, To, T, + €)
Zn:O F(t07 T07 Tn + E)
= Jag T daf (to.2)
= lim Rp(ty) = Rp 00
to—To

We have obtained the anticipated result that the par value Rp(to) for the forward
swap is fixed by the forward bond prices F'(to, To, T, +¢), and converges to the par
value of the swap Rp when it becomes operational at time ty = Tj.

In summary, put-call parity for cap and floor, from Egs. 6.2 and 6.3 yields, for
K = Rg and for all t, < Ty, the following

Cap(to, t+; Rs) — Floor(to, t«; Rs) = swap;(to, Rs), (6.8)

as is expected [9)].

7. Conclusions

A common LIBOR market measure was derived, and it was shown that a single
numeraire renders all LIBOR into martingales. Two other numeraires were studied
for the forward interest rates, each having its own drift velocity.
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All the numeraires have their own specific advantages, and it was demonstrated
by actual computation that all three yield the same price for an interest rate caplet,
and also satisfy put-call parity as is necessary for the prices interest caps and floors
to be free from arbitrage opportunities.

The expression for the payoff function for the caplet given in Eq. (4.1), namely

Caplet(to, t., T) = €V B(ts, Tn + 0) [L(t., T,) — K]
is seen to be the correct one as it reproduces the payoff functions that are widely
used in the literature, yields a pricing formula for the interest rate caplet that is
numeraire invariant, and satisfies the requirement of put-call parity as well.

An analysis of swaps shows that put-call parity for caps and floors correctly
reproduces the swap future as expected.
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