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Abstract

American option for interest rate caps and coupon bonds are analyzed in the formalism of quantum finance. Calendar

time and future time are discretized to yield a lattice field theory of interest rates that provides an efficient numerical

algorithm for evaluating the price of American options. The algorithm is shown to hold over a wide range of strike prices

and coupon rates. All the theoretical constraints that American options have to obey are shown to hold for the numerical

prices of American interest rate caps and coupon bond options. Non-trivial correlation between the different interest rates

are efficiently incorporated in the numerical algorithm. New inequalities are conjectured, based on the results of the

numerical study, for American options on interest rate instruments.

r 2007 Elsevier B.V. All rights reserved.

Keywords: American option; Quantum finance; Cap and coupon bond option

1. Introduction

American options for interest rate caps and for fixed-income securities are amongst the most widely traded
financial instruments. An accurate and arbitrage free pricing of American interest rate options has far reaching
applications. American options for interest rates are rather complex instruments since at any moment in time,
there are a large number of future interest rates that exist in the market. All of the interest rates evolve
randomly and have strong correlations with the other interest rates. In principle, interest rate instruments, are
described at every instant by infinitely many degrees of freedom (random variables).

In the simple case of a European option on equity, the Black–Scholes equation can be explicitly solved to
obtain an analytical formula for the price of the option [1]. When one considers other financial derivatives that
allow anticipated early exercise or depend on the history of the underlying assets, numerical approaches need
to be used. Appropriate numerical procedures have been developed in the literature to price exotic financial
derivatives on equity with path-dependent features, as discussed in detail in Ref. [1]. These procedures involve
the use of Monte Carlo simulations, binomial tree (and their improvements) and finite difference methods.

The pricing of European and American options for the interest rates is far more complicated than for equity
options. In order to price interest derivatives, one needs to model the underlying interest rates dynamics.
e front matter r 2007 Elsevier B.V. All rights reserved.
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The leading model at present for modelling interest rates and its derivatives is the HJM (Heath, Jarrow and
Morton)-model and BGM model; for the N-factor model, the interest rates at every instant are driven by N

random variables [1,2]. Numerical techniques for pricing American interest rates options [2,12] are all based
on the generalization of the binomial tree approach.

Baaquie [3] has developed the formalism of quantum finance to model non-trivial correlations between
forward interest rates with different maturities as a parsimonious alternative to the existing interest rate
theories in finance, in particular to the HJM-model [2,4]. Interest rate derivatives are shown in this paper to
have a natural numerical algorithm for their pricing that directly follows from the quantum finance
formulation of the forward rates.

In quantum finance, the stochastic forward interest rates are averaged over all their possible values to
evaluate interest rate options and other derivatives; the averaging over the stochastic field is mathematically
identical to the averaging in quantum field theory. In effect, from a mathematical point of view, the forward
interest rate is a two-dimensional (stochastic) quantum field. Hence in quantum finance one uses the
techniques of quantum field theory for modelling the interest rates. An efficient algorithm is developed in this
paper for obtaining the price of the American option using the formalism of quantum finance.

To price American options for equity an efficient computational algorithm, using path integrals, has been
developed by Montagna et al. [5] and is reviewed in Appendix A. The quantum field theory describing the
forward interest rates is discretized and yields a lattice field theory model; an algorithm that generalizes the
path integral approach of Montagna et al. [5] to the case of interest rate options is obtained using the lattice
field theory.

In Section 2 the field theory model of forward interest rates is reviewed. In Section 3 the field theory pricing
formula for European caplets and coupon bond options are reviewed and American options for interest rate
instruments are defined. Lattice field theory of interest rate is defined in Section 4. The tree structure of
forward interest rates is discussed in Section 5. Details of the numerical algorithm and the programming codes
are given in Section 6. Numerical results for caplet and coupon bond option are discussed in Sections 7 and 8.
A new inequality for American option of caplet and coupon bond is conjectured in Section 9. In Section 10
some conclusions are drawn. A brief review of the path integral algorithm for pricing American options on
equity is given in Appendix.
2. Field theory model of forward interest rates

The field theory of forward rates is a general framework for modelling the interest rates that allows for a
wide choice of evolution equation for the interest rates, and in particular allows one to model strongly
correlated forward interest rates.

The forward interest rates f ðt;xÞ are the interest rates, fixed at time t, for an instantaneous loan at future
times x4t. The price, at time t, of a Treasury Bond that pays a pre-fixed sum, of say $1, when it matures at
some future time T4t, denoted by Bðt;TÞ, is defined in terms of the forward interest rates as follows:

Bðt;TÞ ¼ exp �

Z T

t

dxf ðt;xÞ

� �
. (1)

Bðt;TÞ is also called a zero coupon bond. The forward bond price for bond to be issued at future time t� and
maturing at time T namely Bðt�;TÞ, is given by

F ðt0; t�;TÞ ¼ exp �

Z T

t�

dxf ðt0; xÞ

� �
.

A coupon bond on a principal L, which matures at time T, pays fixed dividends (coupons) ai at times
Ti; i ¼ 1; 2; . . . ;N. The value of the coupon bond at time t�oTi is given by [1]

XN

i¼1

aiBðt�;TiÞ þ LBðt�;TÞ ¼
XN

i¼1

ciBðt�;TiÞ, (2)
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where for simplicity of notation the final payment is included in the sum by setting ci ¼ ai; cN ¼ aN þ L, and
with the time of maturity of the coupon bond given by T ¼ TN .

Coupon and zero coupon bonds, forward bonds and so on are also called fixed-income securities.
Let f ðt;xÞ be a two-dimensional quantum field; following Baaquie and Bouchaud [6], the Lagrangian that

describes the evolution of instantaneous forward interest rates is defined by three parameters m; l; Z, and for
qf ðt;xÞ=qt � _f ðt; xÞ, is given by

L½f � ¼ �
1

2

_f ðt;xÞ � aðt; xÞ
sðt;xÞ

( )2

þ
1

m2
q
qx

_f ðt;xÞ � aðt; xÞ
sðt;xÞ

 !( )2

þ
1

l4
q2

qx2

_f ðt;xÞ � aðt;xÞ
sðt;xÞ

 !( )2
2
4

3
5, (3)

where aðt; xÞ is the drift of the forward interest rates that is determined by the choice of numeraire, and sðt;xÞ
is the volatility that is fixed from the market [3].

Baaquie and Bouchaud [6] have determined the empirical values of the three constants m; l; n, and have
demonstrated that this formulation is able to accurately account for the phenomenology of interest rate
dynamics. Ultimately, all the pricing formulae for interest rate instruments stems from the volatility function
sðt;xÞ and correlation parameters m; l; n contained in the Lagrangian, as well as the initial term structure
f ðt0; xÞ.

The action S½f � of the Lagrangian is defined as

S½f � ¼

Z 1
t0

dt

Z 1
0

dxL½f �. (4)

Doing an integration by parts in the maturity direction using the Neumann boundary conditions [3] yields,
from Eqs. (3) and (4), the action

S ¼ �
1

2

Z 1
t0

dt

Z 1
0

dx
_f ðt;xÞ � aðt; xÞ

sðt;xÞ

 !
D�1ðx; x0; tÞ

_f ðt; xÞ � aðt;xÞ
sðt; xÞ

 !
. (5)

All expectation values, denoted by E½::�, are evaluated by integrating over all possible values of the quantum
field f ðt; xÞ. The quantum theory of the forward interest rates is defined by the generating (partition) function
[3] for the following combination of the field ½ _f ðt;xÞ � aðt; xÞ�=sðt;xÞ since it is this combination that will
appear in the American option. Hence the generating function is given by

Z½h� ¼ E exp

Z 1
t0

dt

Z 1
0

dxhðt;xÞ
_f ðt;xÞ � aðt; xÞ

sðt;xÞ

" #( )" #

�
1

Z

Z
Df exp S½f � þ

Z 1
t0

dt

Z 1
0

dxhðt; xÞ
_f ðt;xÞ � aðt;xÞ

sðt;xÞ

" #( )

¼ exp
1

2

Z 1
t0

dt

Z 1
0

dxdx0hðt; xÞDðx;x0; tÞhðt;x0Þ

 !
. ð6Þ

The prices of interest rates instruments are obtained by performing a path integral over all possible values of
the (fluctuating) two-dimensional quantum field f ðt;xÞ, weighted by the probability measure eS=Z. The
expectation value for an instrument, say F ½f �, is defined by the following:

EðF ½f �Þ �
1

Z

Z
DfF ½f �eS½f �; Z ¼

Z
Df eS½f �. (7)

3. Pricing interest rate derivatives

Caps, floors, swaptions and coupon bond options are interest rate derivatives that are widely used in the
financial markets. In this section caps, caplets, floors, floorlets and the coupon bond option are defined. Caps
are instruments that provide a maximum interest rate payments that the holder of the cap needs to pay for
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some specified period of time. Interest rate floors ensure a minimum rate of interest payments for the holders
of the floor. Coupon bond is a fixed-income security that provides for regular payments of ‘coupons’ at pre-
fixed intervals. Options on coupon bonds are widely traded and their pricing is a fairly complicated and non-
trivial problem. Swaptions are a special case of coupon bond options [4], and hence need not be independently
studied.

Midcurve options, analyzed in this section, are options that mature before the instrument becomes
operational. For example a caplet may cap interest rates for a duration of three months say one year in the
future, and a midcurve option on such a caplet can have a maturity time only six months, hence expiring six
months before the instrument becomes operational. Similarly a midcurve option on a coupon bond may
mature in say six months time with the bond starting to pay coupons only a year from now.

Midcurve options are widely traded in the market and hence need to be studied. In the numerical studies of
both the caplets and coupon bond options the midcurve option will not be priced; instead, for simplicity, only
options that mature when the instrument becomes operational are studied. It should be noted that all the
numerical procedures used in this paper can be generalized in a straight forward manner to the midcurve case.

Every numeraire chosen for discounting the future cash flows of a financial instrument yields a martingale
evolution for the traded instrument. The pricing of derivatives hinges on the martingale property of traded
financial instruments [4]. The European caplet and coupon bond options at time t0 are computed using the
forward measure numeraire Bðt; tÞ [7]. The value of t is fixed and is chosen to suit the instrument. For any
traded financial instrument I, the martingale property yields

Iðt0; tÞ
Bðt0; tÞ

¼ EF

Iðt�; tÞ
Bðt�; tÞ

� �
, (8)

where Iðt�; tÞ is the payoff function at maturity time t�.
For a midcurve caplet that matures at t� and becomes operational at time T, the payoff function is given by

Iðt�; tÞ ¼ Capletðt�; t�;TÞ; the numeraire is chosen to be Bðt; tÞ ¼ Bðt;TÞ. For a midcurve coupon bond
option, maturing at t�, the payoff function is given by Iðt�; tÞ ¼ ð

PN
j¼1cjF ðti; t�;TjÞ � KÞþ and the numeraire

is chosen to be Bðt; tÞ ¼ Bðt; t�Þ.
3.1. Price of European interest rate caps

Market interest rates, in general, constantly fluctuate and are called floating interest rates. A typical measure
of the floating interest rate is the daily Libor [3], denoted by Lðt;TÞ, which is the interest rate agreed upon at
time t for a loan at future time T4t. An interest rate caplet is an option that puts a maximum ceiling, say K, to
the interest rate for a period of ‘ ¼ 90 days from T to T þ ‘ and is exercised if Libor goes above the stipulated
ceiling. The price of a midcurve caplet, issued at time t0 and maturing at time t� 2 ½t0;T �, is denoted by
Capletðt0; t�;TÞ.

1

Let the principal amount be equal to ‘V , and the caplet rate be K. The payoff function of the caplet is given
by [7]

Capletðt�; t�;TÞ ¼ ‘VBðt�;T þ ‘Þ½Lðt�;TÞ � K �þ ð9Þ

¼ ~VBðt�;TÞðX � F�Þþ, ð10Þ

where

Lðt�;TÞ ¼
e

R Tþ‘

T
dxf ðt�;xÞ � 1

‘
; F� ¼ F ðt�;T ;T þ ‘Þ ¼ exp �

Z Tþ‘

T

dxf ðt�; xÞ

� �
,

X ¼
1

1þ ‘K
; ~V ¼ ð1þ ‘KÞV .
1A European midcurve caplet can be exercised only at maturity time t�.
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Fig. 1 shows how a caplet provides a cutoff to the maximum interest rate that a borrower holding a caplet
will need to pay.

The payoff function for a floorlet is given by

Floorletðt�; t�;TÞ ¼ ~VBðt�;TÞðF� � X Þþ

and ensures the lender holding the floorlet option receives a minimum rate of K for the interest payments.
The European caplet at time t0 is computed using the forward measure with numeraire Bðt;TÞ and Eq. (8)

yields

Capletðt0; t�;TÞ

Bðt0;TÞ
¼ EF

Capletðt�; t�;TÞ

Bðt�;TÞ

� �
ð11Þ

) Capletðt0; t�;TÞ ¼ ~VBðt0;TÞEF ðX � F�Þþ. ð12Þ

Fig. 2 shows the domain over which the midcurve caplet is defined.
One obtains a closed form of the European caplet price by evaluating the expectation value using field

theory. At time t0ot� the caplet price is given by the following Black–Scholes-type formula [7]

Capletðt0; t�;TÞ ¼ ~VBðt0;TÞ½XNðdþÞ � FNðd�Þ�, (13)

where Nðd�Þ is the cumulative distribution for the normal random variable with the following definitions2:

F ¼ exp �

Z Tþ‘

T

dxf ðt0; xÞ

� �
,

d� ¼
1

q
ln

X

F

� �
�

q2

2

� �
, ð14Þ

and

q2 ¼ q2ðt0; t�;TÞ ¼

Z t�

t0

dt

Z Tþ‘

T

dxdx0sðt; xÞDðx;x0; tÞsðt;x0Þ. (15)

The caplet formula, derived by Baaquie [3], has been empirically studied in Ref. [8] and shown to be fairly
accurately.
2Note one recovers the normal caplet result by setting t� ¼ T .
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The numerical result for the European caplet price obtained in Section 7 will be compared to the analytical
formula given in Eq. (13) to ascertain the accuracy of the numerical result.

An interest rate cap with a duration over a longer period is made from the sum over caplets spanning the
requisite time interval. Consider a midcurve cap, to be exercised at time t�, with cap starting from time
Tm ¼ m‘ and ending at time Tnþ1 ¼ ðnþ 1Þ‘; its price is given by

Capðt0; t�Þ ¼
Xn

j¼m

Capletðt0; t�;Tj ;KjÞ. (16)

Fig. 3 shows the structure of the an interest cap in terms of it’s constituent caplets.
It follows from above that the price of an interest cap only requires the prices of interest rate caplets. Hence,

in effect, one needs to obtain the price of a single caplet for pricing interest rate caps.
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3.2. Approximate price of European coupon bond option

An approximate expression for the European coupon bond options has been derived in Ref. [9], and is one
of the key formulae in checking the accuracy of the numerical algorithms developed in this paper; the main
results of the derivation are discussed below.

The payoff function Sðt�Þ for a coupon bond call option maturing at time t� and with strike price K,
is given by

Sðt�Þ ¼
XN

i¼1

ciBðt�;TiÞ � K

 !
þ

. (17)

Fig. 4 shows the domain on which a coupon bond is defined.
The forward measure with numeraire Bðt; t�Þ is chosen for pricing the coupon bond option. From Eq. (8) the

martingale property yields at time t0ot�, the following coupon bond option price:

Cðt0; t�;KÞ

Bðt0; t�Þ
¼ EF

Sðt�Þ

Bðt�; t�Þ

� �
(18)

) Cðt0; t�;KÞ ¼ Bðt0; t�ÞEF

XN

i¼1

ciBðt�;TiÞ � K

 !
þ

. (19)

The option price has been derived in Ref. [9] and yields the results given below3

Cðt0; t�Þ ¼ Bðt0; t�Þ

ffiffiffiffiffiffi
A

2p

r
B

6A3=2
X þ

C

24A2
ðX 2 � 1Þ þ

1

72

B2

A3
ðX 4 � 6X 2 þ 3Þ

� �
e�ð1=2ÞX

2

þ Bðt0; t�Þ

ffiffiffiffiffiffi
A

2p

r
IðX Þ þOðs4Þ, ð20Þ
3The error function is given by

FðuÞ ¼
2ffiffiffi
p
p

Z u

0

dW e�W2
.
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where

IðX Þ ¼ e�ð1=2ÞX
2
�

ffiffiffi
p
2

r
X 1� F

Xffiffiffi
2
p

� �� �
; X ¼

K � Fffiffiffiffi
A
p ,

F �
XN

i¼1

Ji; Ji � ciF i; Fi � Fiðt0; t�;TiÞ ¼ exp �

Z Ti

t�

dxf ðt0;xÞ

� �
.

Note F i are the forward bond prices of Bðt�;TiÞ.
The coefficients in the option price are given in Ref. [9] by

A ¼
XN

ij¼1

JiJj Gij þ
1

2
G2

ij

� �
þOðG3

ijÞ,

B ¼ 3
XN

ijk¼1

JiJjJkGijGjk þOðG3
ijÞ,

C ¼ 16
XN

ijkl¼1

JiJjJkJlGijGjkGkl þOðG4
ijÞ. (21)

The market correlator Gij of the forward bond prices is given by

Gij � Gijðt0; t�;Ti;Tj; sÞ

¼

Z t�

t0

dt

Z Ti

t�

dx

Z Tj

t�

dx0sðt; xÞDðt;x;x0Þsðt;x0Þ

¼ Gji: real and symmetric. ð22Þ

This pricing formula has been empirically studied in Ref. [10] and has been demonstrated to be fairly
accurately. The results of this formula are compared in Section 8 with those from the algorithm to test the
accuracy of the numerical prices.

3.3. American caplet and coupon bond options

The American option has the same payoff function as the European option, but with the additional feature
that it can be exercised at any time before the expiration day. To define the numerical algorithm the time
interval ½t0; t�� is discretized; let t0 ¼ 0. It is assumed that an option can be exercised at any time before
maturity but only at the discrete times. Since one has to evolve the payoff function backwards in time,
for the numerical algorithm it is more convenient to label time backwards, with the origin of the time
lattice being placed at t�, the maturity of the payoff function. Hence define lattice time by
ti ¼ t� � ði � 1Þ� ¼ ðM � i þ 1Þ�; i ¼ 1; 2; . . . ;M þ 1, where t1 ¼ t�; present time t0 ¼ 0 yields for lattice time
tMþ1 ¼ 0 and hence fixes t� ¼M�. In other words the option can only be exercised at time
t1 ¼M�; t2 ¼M�� �; t3 ¼M�� 2�; . . . ; tM ¼M�� ðM � 1Þ� ¼ �.

Let Cðti; t�Þ denote the price of both caplet and coupon bond option, the third argument T in Capletðti; t�;TÞ
being suppressed. In the forward measure the ratio Cðti; t�Þ=Bðti; t�Þ is a martingale. From Eqs. (11) and (18),
the initial trial value of the American option at later time tiþ1, denoted by gI ðtiþ1Þ, is given from the option
price at time ti by the martingale property as follows:

gI ðtiþ1Þ ¼ EF

Cðti; t�Þ

Bðti; t�Þ

� �
,

) gI ðtiþ1Þ ¼ EF ½gðtiÞ�. ð23Þ

The subscript I in gI ðtiþ1Þ denotes the initial trial value of the American option at tiþ1. The trial option price is
compared with the payoff function (divided by the appropriate numeraire) and yields the actual value of the
option at time tiþ1 being equal the maximum of the two [1].
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3.3.1. Caplet

The scaled caplet payoff is given by

V
F ðti; t�;TÞðX � F ðti;T ;T þ ‘ÞÞþ

Bðti; t�Þ
; F ðti;T ;T þ ‘Þ ¼ exp �

Z Tþ‘

T

dxf ðti;xÞ

� �
. (24)

The important point to note that the form of the payoff does not change with time; the discounting factor at t�
that appears in the payoff at maturity, namely the bond Bðt�;TÞ is changed into the forward bond F ðti; t�;TÞ
as one moves to an intermediate time ti; there is no additional discounting factor. The American option price
at time tiþ1 is equal to the maximum of the initial trial option value gI ðtiþ1Þ and the payoff function at time
tiþ1; hence

Cðtiþ1; t�Þ

Bðtiþ1; t�Þ
¼ gðtiþ1Þ ¼Max gI ðtiþ1Þ;V

F ðtiþ1; t�;TÞðX � F ðtiþ1;T ;T þ ‘ÞÞþ
Bðtiþ1; t�Þ

� �
. (25)

Fig. 5 shows the forward interest rates that define the caplet payoff function at different times t�; ti; t0.

3.3.2. Coupon bond

The scaled coupon bond payoff is given by

ð
PN

j¼1cjF ðti; t�;TjÞ � KÞþ

Bðti; t�Þ
; F ðti; t�;TjÞ ¼ exp �

Z Tj

t�

dxf ðti;xÞ

� �
, (26)

where, as is the case for the interest rate caplet, in the payoff function at intermediate time ti 2 ½t0; t�� the bond
price at time t�, namely Bðt�;TjÞ has been replaced, at time ti, by the forward bond price F ðti; t�;TjÞ. The
American option price at time tiþ1 is given by

Cðtiþ1; t�Þ

Bðtiþ1; t�Þ
¼ gðtiþ1Þ ¼Max gI ðtiþ1Þ;

ð
PN

j¼1cjF ðtiþ1; t�;TjÞ � KÞþ

Bðtiþ1; t�Þ

" #
. (27)

Note the important fact that for both the caplet and coupon bond, the payoff function at each time ti is
identical to the form of the payoff function at maturity time t�; in particular, the payoff function is not
discounted when it is compared to the trial value of the option gI ðtiÞ.

4. Lattice theory of forward interest rates

The field theory of forward interest rates is defined on the semi-infinite continuous xt plane. To obtain a
numerical algorithm the xt plane needs to be discretized into a lattice consisting of a finite number of points.
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The time direction, as mentioned earlier, is discretized into a lattice with spacing � and future time direction x

is also discretized into a lattice with spacing a.
Recall from Eqs. (3) and (4) that the action for continuous time and future time is given

S ¼ �
1

2

Z
dt

Z
dx

_f � a
s

 !2

þ
1

m2
q
qx

_f � a
s

 ! !2

þ
1

l4
q2

qx2

_f � a
s

 ! !2
2
4

3
5. (28)

The time lattice is defined as discussed in Section 3.3, and for simplicity of notation t0 ¼ 0. Future time,
similar to calendar time, is labelled running backwards, with the origin of future time being placed at the
payoff function. In other words, the continuous time and future time labels ðt;xÞ are discretized so that lattice
time is defined by t� � t and lattice future time is defined by T � x, where T is the maturity time of the option.
The definitions below make the mapping from continuous to lattice indices more precise.

Given the trapezoidal shape of the forward rates domain defined by xXt, the range of discretized xj depends
on discretized time ti. At maturity t�, future time is taken to have N lattice points corresponding to N forward
rates. Hence, for t 2 ½0; t��, the discretized calendar and future time are given by

t! ti ¼ ðM � i þ 1Þ�; i ¼ 1; 2; . . . ;M þ 1; t� ¼M�,

ti : x! xj ¼M�þ ðN � j þ 1Þa; j ¼ 1; 2; . . . ;N þ i; T � t� ¼ Na. (29)

The total number of lattice sites is equal to NðM þ 1Þ þMðM þ 1Þ=2. Note for most numerical calculations
one usually takes � ¼ a.

Fig. 6 shows the lattice on which the forward interest rates are defined.
To define the lattice theory, one needs to rescale the field f ðt;xÞ and all the parameters so that all the

quantities that appear in the theory are dimensionless. For this reason, define the following dimensionless
lattice quantities:

f mn ¼ af ðt;xÞ ¼ af ððM � i þ 1Þ�;M�þ ðN � j þ 1ÞaÞ,

~amn ¼ a�aðt;xÞ; smn ¼
ffiffiffiffiffi
�a
p

sðt; xÞ,

~m ¼ am; ~l ¼ al.

The dimensionless field variables f mn yield the following discretizations:

_f ¼
1

a�
ðf m;n � f mþ1;nÞ �

1

a�
dtf mn, (30)
f
43

x

t
f (t, t)

(1, 1) (1, 0)

X = n a 

t =
 m

ε 

1
1

2

2

3

4

3N+i

exp(f
11

) =

Fig. 6. Forward interest rates on the lattice, with each dot representing a forward rate f ðt;xÞ ! f ij ; an arrow indicates that a forward rate

ef ij connects lattice ðijÞ to ði; j þ 1Þ. The lattice points take values in the range i ¼ 1; 2; . . . ;M þ 1 and j ¼ 1; 2; . . . ;N þ i.
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qxf ¼
1

a2
ðf m;n � f m;nþ1Þ �

1

a2
dxf mn. (31)

Thus, from Eq. (28), one obtains the lattice action S, expressed completely in terms of dimensionless field
variables and parameters and is given by

SL ¼ �
1

2

X
m;n

dtf � ~a
smn

� �2

þ
1

~m2
dx

dtf � ~a
smn

� �� �2

þ
1

~l
4

d2x
dtf � ~a

smn

� �� �2
" #

. (32)

Doing an integration by parts, the action in Eq. (32) yields

SL ¼ �
1

2

XMþ1
m¼1

XNþm

n¼1

dtf � ~a
s

� �
mn

~D
�1

m;nn0
dtf � ~a

s

� �
mn0

, (33)

where ~D
�1

m;nn0 is the dimensionless inverse of the propagator with dimensionless parameters ~m; ~l. The
dimensionless lattice Lagrangian is given from S by the following [3]:

SL ¼
XM
m¼1

L½fmþ1; fm�,

L½fmþ1; fm� ¼ �
1

2

XNþm

n;n0¼1

dtf � ~a
s

� �
mn

~D
�1

m;nn0
dtf � ~a

s

� �
mn0

, (34)

where fm ¼ ðf m1; f m2; . . . ; f m;NþmÞ. Note the length of the forward interest rate vector fm depends on the time
lattice m and has N þm-components; the reason being that forward interest rates are defined for all xXt,
which on the lattice implies that the number of forward rates for a given ti depends on ti.

The functional integral is discretized and yields the lattice field theory of forward interest rates given by

Z ¼

Z
Df eS ! ZL ¼ ~N

YMþ1
m¼1

YNþm

n¼1

Z þ1
�1

df mne
SL , (35)

with normalization ~N.
The American option for the caplet is formulated on the lattice. For starters discretize the payoff function of

caplet in Eq. (10); at maturity time t� the discretized caplet is denoted by C1 � Cðt�; t�;TÞ.
On the lattice, Libor is given by

1þ ‘Lðt;TÞ ¼ exp

Z Tþ‘

T

dxf ðt; xÞ

� �
’ exp

‘

a
f m1

� �
¼ expff m1g, (36)

where, for simplicity and because Libor data is given only on a future time lattice with spacing ‘, one takes
‘ ¼ a. Hence

Capletðt�; t�;TÞ ¼ ~VBðt�;TÞðX � F�Þþ � C1

) C1 ¼ ~V exp �
XNþ1
j¼1

f 1j

( )
ðX � e�f 11 Þþ

¼ C1ðf 11; f 12; . . . ; f 1;Nþ1Þ ¼ C1ðf1Þ. ð37Þ

The payoff function is evolved backwards in time to obtain the price of the option from the payoff function.
To illustrate the general procedure, consider the first step backwards; one starts from the payoff function at
time t� ¼ t1 and find the value of the option at time t2, since recall increasing the index of lattice time ones goes
backwards in time. In taking one step backwards in time, the number of independent forward interest rates on
the lattice increases by one rate, starting from forward rates f i ¼ ðf i;1; f i;2; . . . ; f i;NþiÞ and ending up with
f iþ1 ¼ ðf iþ1;1; f iþ1;2; . . . ; f iþ1;i; f iþ1;Nþiþ1Þ. Hence the option price given by Cðf iÞ ¼ Ciðf i;1; f i;2; . . . ; f i;NþiÞ

evolves to Cðf iþ1Þ ¼ Ciþ1ðf iþ1;1; f iþ1;2; . . . ; f iþ1;Nþiþ1Þ, where sometimes the notation Ci � Ciðf i;1;
f i;2; . . . ; f i;NþiÞ is used.
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The expression N expfL½f iþ1; f i�g is the pricing kernel for interest rate options, analogous to the pricing
kernel for the (simpler) case of equity given in Eq. (64). Similar to Eq. (67) for equity, the pricing kernel
propagates the option price Ciðf iÞ backwards in time and yields the option price Ciþ1ðf iþ1Þ at earlier time tiþ1.

From Eq. (11), the convention being used for future lattice time is that for all ti, T ! x1, that is, the
minimum value of the future lattice index xn; hence the zero coupon bond in the payoff function is given by
Bðti;TÞ ! expf�

PNþi
j¼1 f ijg and similarly for Bðtiþ1; 1Þ.

The pricing kernel yields, similar to Eq. (67) for the case of equity options, the option price Ciþ1 at earlier
time tiþ1 from option price Ci by taking one step backward in time, and generates the initial trial value for the
option Ciþ1. Hence, Eq. (11) yields the following result [3]4

Ciþ1

Bðtiþ1; 1Þ
�

Ciþ1ðf iþ1Þ

Bðtiþ1; 1Þ
¼N

Z
df i e

L½fiþ1;fi �
Ciðf iÞ

Bðti; 1Þ
(38)

¼N
YNþi

p¼1

Z
df ip exp �

1

2

XNþi

j;k¼1

f i;j � f̄ iþ1;j

sij

 !
D�1i;jk

f i;k � f̄ iþ1;k

sik

 ! !
Ci

Bðti; 1Þ
, (39)

where

f̄ iþ1;j¼
:

f iþ1;j þ ~aiþ1;j . (40)

Similar to the case of American option for an equity discussed in Appendix A, the interest rate dimensionless
volatility smn is quite small, that is smn ’ 0. Hence in the f ij integrations given in Eq. (39), the path integral will
be dominated by values f i;j that are close to f̄ iþ1;j ¼ f iþ1;j þ ~aiþ1;j . The most accurate way for evaluating the
functional integral in Eq. (39) is to Taylor expand the function gi ¼ Ci=Bi;1 about f̄ iþ1;j . A Taylor’s expansion
of the kernel function gi around f̄ iþ1;1; . . . ; f̄ iþ1;i yields, for ḡi � giðf̄ iþ1;jÞ, the following:

gi ¼ ḡi þ
XNþi

j¼1

qḡi

qf ij

ðf ij � f̄ iþ1;jÞ þ
1

2

XNþi

j;k¼1

q2ḡi

qf jqf k

ðf ij � f̄ iþ1;jÞðf ik � f̄ iþ1;kÞ þ � � � . (41)

The Gaussian integrations over all the forward rates f ij is carried out using the following results:

N
YNþi

p¼1

Z
df ipe

L½fiþ1;fi � ¼ 1; N
YNþi

p¼1

Z
df ipe

L½fiþ1;fi �ðf ij � f̄ iþ1;jÞ ¼ 0,

N
YNþi

p¼1

Z
df ipe

L½fiþ1;fi �ðf ij � f̄ iþ1;jÞðf ik � f̄ iþ1;kÞ ¼ sij
~Di;jksik. (42)

Hence, Eqs. (39) and (42) yield the result that

Ciþ1 ¼ Biþ1;1 ḡi þ
1

2

XNþi

j;k¼1

q2ḡi

qf i;jqf ik

si;j
~Di;jksik

" #
þ � � � . (43)

Recall the function gi ¼ gi½f i� depends on the vector f i ¼ ðf i;1; f i;2; . . . ; f i;NþiÞ. The value of ḡi ¼ ḡi½f̄ iþ1;j �,
that is, on the entire forward rate tree at time tiþ1. Since gi½f i� is being differentiated with respect to only two of
the components, namely f i;j ; f i;k, only these (two) components will be explicitly indicated, with the rest of the
components in gi½f i� being suppressed.

The second derivative of gi is numerically estimated using the symmetric second order difference. The
spacing with d is taken to be OðsÞ, as dictated by the Lagrangian in Eq. (39). The symmetric second order
4In terms of the Hamiltonian H of the forward interest rates the option price Ciþ1 is given by

Ciþ1

Biþ1;1
¼
YNþi

j¼1

Z
df ijhf iþ1;1; f iþ1;2; . . . ; f iþ1;Nþije

��H jf i;1; f i;2; . . . ; f i;Nþii
Ci

Bi;1
.

See Ref. [3] for more details.
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derivative, using di
�gðf iÞ ¼ gðf i � dÞ=d, yields the following discretization:

q2ḡi

qf i;jqf i;k

�
q2gi

qf i;jqf i;k
f i;j¼f̄ iþ1;j

¼
1

2
ðdi
�d

j
þ þ di

þd
j
�Þgi

				
				
f i;j¼f̄ iþ1;j

¼
1

2d2
½giðf̄ iþ1;j þ d; f̄ iþ1;kÞ � 2giðf̄ iþ1;j ; f̄ iþ1;kÞ � giðf̄ iþ1;j þ d; f̄ iþ1;k � dÞ

þ gðf̄ iþ1;j ; f̄ iþ1;k � dÞ þ gðf̄ iþ1;j ; f̄ iþ1;k þ dÞ � giðf̄ iþ1;j � d; f̄ iþ1;k þ dÞ

þ giðf̄ iþ1;j � d; f̄ iþ1;kÞ�. ð44Þ

The result in Eq. (44) above has a very significant feature. To evaluate q2ḡi=qf ijqf ik one needs to know the
values of gi at the points f ij ¼ f̄ iþ1;j, for all f ij ; j ¼ 1; 2; . . . ;N þ i. Moreover, as required by Eq. (44), the
forward rate tree at time tiþ1 must also contain the following three points, namely f̄ iþ1;j ; f̄ iþ1;j � d. This feature
of the recursion equation is a reflection of a similar property for the case of the American option for equity as
in Eq. (72) and shown in Fig. 24.

Fig. 7 is a graphical representation of the seven terms required for the computation of q2ḡi=qf i;jqf i;k.
The price of the European option for caplets and coupon bonds can be obtained by repeating the backward

recursion up to the present time. In Sections 7 and 8 the numerical price of the European option will be
compared with those computed from the closed form result in Eqs. (13) and (20) to assess the accuracy of the
algorithm. For American option, one needs to perform, for each step up to present time, a comparison of the
trial option price with the payoff as given in Eqs. (25) and (27).
5. Tree structure of forward interest rates

To minimize the computational complexity and the time of execution, it is mandatory to limit as far as
possible the number of possible forward rates for which the option price is computed.

The forward bond measure for the forward interest rates is chosen for Libor instruments and is defined only
for future Libor time lattice. The numeraire used for discounting all financial instruments is equal to Bðt;TnÞ

for TnpxoTnþ‘. The numeraire makes all forward bond prices, defined on the Libor future time lattice, into
martingales [7]; the definition of the martingale for this numeraire, together with the forward drift, yields the
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following result:

e
�
R Tnþ‘

Tn
f ðt0;xÞ

� F ðt0;Tn;Tnþ‘Þ ¼ EF ½F ðt�;Tn;Tnþ‘Þ�

) aðt;xÞ ¼ sðt;xÞ
Z x

Tn

dx0Dðx;x0; tÞsðt;x0Þ; TnpxoTn þ ‘.

For the American option, future time is discretized as x ¼ na and Libor interval ‘ ¼ a; hence Tn ¼ n‘ ¼ na lies
on the future time lattice with xn ¼ Tn. This in turn, from above equation, yields

aðt;xnÞ ¼ 0; xn ¼ Tn (45)

and there is no drift for the lattice on which the American option is being computed. In fact, this simplification
is the main reason for taking ‘ ¼ a.

The option price is fixed by, among other parameters, the initial forward interest rate curve f ðt0;xÞ. The
option price for only those intermediate (virtual) values of the forward rates need to be considered that
contribute to the final option price. For a given initial forward interest rates curve, what this means is that the
option price needs to evaluated only for those values of the forward rates that lie on a tree (also called a grid).

In order to ascertain the forward interest rates grid, it is necessary to start from the initial forward interest
rate curve, which from Eq. (29) is given by f ðt0;xÞ ! f Mþ1;n, where n ¼ 1; 2; . . . ;N þM þ 1. Similar to the
case for the American equity option discussed in the Appendix, each initial value of the forward rates
generates an independent tree. Recall that, starting from the initial forward rates f Mþ1;n, to reach the forward
interest rates at calendar time m, with forward rates f mn, one needs to take M þ 1�m steps. Hence the
structure of the forward rate tree is given by

f k
mn¼
:

f Mþ1;n þ kd; �ðM þ 1�mÞpkpþ ðM þ 1�mÞ. (46)

At lattice time m the forward rate tree has 2ðM þ 1�mÞ � 1 ¼ 2ðM �mÞ þ 1 number of values for f mn,
centered on the initial forward rate f Mþ1;n. The spacing of the tree is taken to have a fixed value d, which is of
OðsÞ. A fixed value of d is required to obtain a recombining tree; conversely, if d is taken to vary with time, one
gets a dense tree with exponentially more points than the recombining tree [4].

The same result as given in Eq. (46) is obtained if one recurses backwards from the payoff at calendar time
t� to the initial forward curve at t0. The reason being that for zero drift, that is aðt;xÞ ¼ 0, one has from
Eq. (44) that the values of the function gi at with forward rates on the grid f i;j ¼ f iþ1;j ; f iþ1;j � d are required to
obtain the value of giþ1; if one recurses backwards M þ 1�m times, one hits the initial forward rate curve and
in effect obtains the result given in Eq. (46).
t

Each tree structure is fixed with future time

f
t, 1

f
t, 2

f
t, 3

f
t, 4

f
1, 4

f
4, 4

1

f

Fig. 8. Forward rates tree structures. Each symbol at bottom (a hollow circle, square and triangle) represents a forward rate f mn at present

time. Each initial value of the forward rates evolves as independent tree, with rates evolving from the same initial rate shown with the same

symbol. Note for the tree of forward rates, those f mn that emanate from different initial forward rates are independent of each other, and

this is indicated by different symbols.
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The forward interest rate tree is illustrated in Fig. 8. Compared with Fig. 6, the forward rate at a lattice
point (with fixed time t and future time x) has been expanded into a tree structure in a direction orthogonal to
the xt lattice. The full forward interest rates simultaneously have infinitely many tree structures and all these
tree structures are correlated by the action S given in Eq. (32).

Thus, as one recurses backwards from the payoff function, at any intermediate time the price of the option
needs to determined for the forward interest rates only on the grid points. From (25), (27) and (44), the initial
trial values gI ðiÞ that one needs are the option values from the previous step, with the values of the forward
rates taken only from the tree structure for lattice time ti.

6. Numerical algorithm

Given the initial forward interest rates curve, the tree structure from Section 5 can be formed and yields the
grid of the forward interest rates up to the expiration date of the option. To get the option price today, one
starts from expiration time t� and evolves backwards in calendar time. All computations are carried out using
the lattice theory given in Eq. (35).5

Lattice points are labelled by i; j with i labelling calendar time and j labelling future time. Maturity time t� is
labelled by t1, that is i ¼ 1, as shown in Fig. 6. The scaled payoff function g1 is, in general, a function of all
forward interest rates f 1j with future time taking N þ 1 values, as shown in Fig. 6, being labelled as
j ¼ 1; 2; . . . ;N þ 1. Thus, g1, which depends on N forward rates, can be represented as gðf 11; . . . ; f 1i; . . . f 1Nþ1Þ.

Since the step size � is fixed, the total number of steps M ¼ t�=� for the evolutions backwards in time is
consequently also fixed. At time ti the number of tree points for each forward interest rate is given by
2ðM � ði � 1ÞÞ þ 1 ¼ 2ðM � iÞ þ 3; there are N þ i number of independent forward rates. Since each forward
rate tree has 2ðM � iÞ þ 3 points, this leads to the total number of points of the tree at time i being given by
ð2ðM � iÞ þ 3ÞNþi. The tree is organized into a multidimensional array,6 namely g½2ðM � iÞ þ 3�Nþi, which is a
N þ i dimensional array with each index running from 1; 2; . . . ; 2ðM � iÞ þ 3.

The size of the multidimensional array for realistic cases can be very big, requiring a large amount of
computer memory and leading to codes for the American option that are inefficient. In order to develop an
efficient algorithm the multidimensional array is mapped into a vector array with a length of
ð2ðM � iÞ þ 3ÞNþi. The multidimensional matrix representation of the tree has some advantages since the
index of each forward interest rates is presented explicitly. Hence in the recursive steps required for evaluating
Eqs. (25), (27) and (44), the matrix representation is the most transparent way of keeping track of the grid
points from the previous step that are required for deriving the trial option price for the present step.

To go from the matrix representation to the vector array one needs an algorithm for mapping the indices of
the matrix to the index of the array; in particular the multidimensional matrix array g½jNþi� . . . ½jp� . . . ½j2�½j1�
needs to be mapped into a vector array g½j�. For time i let the matrix indices ½jNþi� . . . ½jp� . . . ½j2�½j1� be assigned
specific numerical values; the corresponding vector index j is given by the following mapping:

g½jNþi� . . . ½jp� . . . ½j2�½j1� ¼ g½j�,

½jNþi� . . . ½jp� . . . ½j2�½j1� ! j ¼
XNþi

p¼1

ðjp � 1Þ½2ðM � ði � 1ÞÞ þ 1�p�1. (47)

One should note that the matrix representation is never used in writing the codes for this algorithm. The vector
array is used for avoiding the use of the multidimensional matrix; only the indices of the matrix are needed as
intermediate step to address grid points in the recursion process.

To find the grid points, in particular those that are nearest neighbor and next nearest neighbor as required in
evaluating Eq. (44) one needs the mapping in the reverse direction. The mapping from the vector array index
to matrix indices is given by the following. The notation used is that the vector index j is recursively updated to
jð1Þ; jð2Þ; . . . ; jðpÞ; . . . ; jðNþiÞ; recall the notation j1; j2; . . . ; jp; . . . ; jNþi are the indices labelling the multidimen-
sional matrix. The inverse mapping is a composed of a two-step algorithm, with the matrix index jp being
5Note in this Section t0 ¼ 0.
6g½M�N � g ½M�½M� . . . ½M�|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

N

.
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determined and the vector index j being updated to jðpÞ. More precisely, the following is the mapping:

g½j� ! g½jNþi� . . . ½jp� . . . ½j2�½j1�,

where, using modular arithmetic yields

jNþi ¼ Integer½ðj � 1Þ=ð2ðM � iÞ þ 3ÞNþi�1
� þ 1;

jð1Þ ¼ j � Integer½j=ð2ðM � iÞ þ 3ÞNþi�1
�;

8<
:
..
.

jp ¼ Integer½ðjðp�1Þ � 1Þ=ð2ðM � iÞ þ 3Þp�1� þ 1;

jðpÞ ¼ jðp�1Þ � Integer½jðp�1Þ=ð2ðM � iÞ þ 3Þp�1�;

8<
:
..
.

j1 ¼ jðNþi�1Þ;

jðNþiÞ ¼ jðNþi�1Þ � jðNþi�1Þ ¼ 0:

(
ð48Þ

Note the inverse mapping stops after N þ i steps, as indeed it must as this is the total number of forward
interest rates at calendar time i. The inverse map returns all the N þ i indices jp of the matrix representation
g½jNþi� . . . ½j2�½j1� from the vector index j of the vector array g½j�.

In summary, at step i, the final values of option prices are evaluated and stored in a vector array
gi½ð2ðM � iÞ þ 3ÞNþi

�. Evolving one step back from ti to tiþ1, in order to evaluate the trial value of giþ1½j�, one
needs to first map the vector index j to matrix indices jp; p ¼ 1; 2; . . . ;N þ i using Eq. (48). The matrix indices
are needed for tracking those option prices at step i that are required for deriving giþ1½j� on the grid points.
Then, one reverts back to the vector array index from these matrix indices by Eq. (47), and furthermore,
obtain the corresponding option values at step i. The recursion process in (25), (27) and (44) is then performed
to obtain the trial value of giþ1½j�.

Completing one recursion step results in trial values gI ½ð2ðM � iÞ þ 3�Nþi for the ði þ 1Þth step. The grid
points are dynamic in nature since one more forward interest rate, namely f iþ1;Nþiþ1 has to be added at
ði þ 1Þth step, as shown in Fig. 6. The dimension of the matrix of trial values has to be increased from N þ i to
N þ i þ 1 dimensions, that is g½jNþi� . . . ½j1� ! g½jNþiþ1�½jNþi� . . . ½j1�. The new forward interest rate does not
directly influence the option values, but only through the scaling function Bðtiþ1;TÞ.

The expanded matrix has to be assigned numerical values for the new index jNþiþ1 in the range of 1 to
2ðM � ðði þ 1Þ � 1ÞÞ þ 1 ¼ 2ðM � iÞ þ 1. The way this is done is to make the values of the expanded matrix
independent of the new forward rate; in other words, the following assignment is made for the initial trial
option price:

g½jNþiþ1�½jNþi� . . . ½j1� � g½jNþi� . . . ½j1�; 1pjNþiþ1pð2ðM � iÞ þ 1Þ. (49)

For vector array representation, j now takes additional values from ½2ðM � iÞ þ 1�Nþi þ 1 to
½2ðM � iÞ þ 1�Nþiþ1. The option values of the vector array for the new values of j, similar to Eq. (49), are
made independent of the new value of j; hence

g½j� � g½j � ½2ðM � iÞ þ 1�NþiÞ�; ½2ðM � iÞ þ 1�Nþi þ 1pjp½2ðM � iÞ þ 1�Nþiþ1. (50)

The mapping in Eq. (50), in going from the left-hand to the right-hand side of the equation shifts, by a
constant, the argument of the new index j and thus bringing it back into the old range; as j runs through the
(additional) new values, the expanded vector takes values from the old array that are a constant shift from the
new values of j; it can be seen by inspection that Eq. (50) assigns values to the expanded vector array consistent
with the labelling of the new matrix elements given in Eq. (49).

The trial option value is compared with the payoff value at ði þ 1Þth step. The higher value is retained at the
ði þ 1Þth step as the final value of g½jNþiþ1�½jNþi� . . . ½j1�, which is the American option at the grid points.
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The price of the American option at present is obtained by repeating the recursion until i ¼M þ 1. The
European option price can also be derived following the same algorithm, but without making the comparison
with payoff value at each step of the recursion.7

To initiate the numerical algorithm the initial forward rates curve and all the parameters in the lattice
Lagrangian have to be specified. The numerical algorithm is given as follows:
�

7

num
8

Input initial forward rates curve and parameters.

�
 Generate the payoff for maturity time i ¼ 1 and store in (both) the vector arrays Geuroold and Gamericanold

for European and American option.

�
 For i ¼ 2 to M þ 1

1. Recurse one step back from Geuroold and Gamericanold to get trial values Geuronew and Gamericannew

using Eqs. (25), (27) and (44).
2. Expand Geuronew and Gamericannew from N þ i � 1 to N þ i dimension so as to address the dynamics of

grid using Eq. (50).
3. Compute the payoff value at step i without discounting and store result in Gamericanold .
4. Compare Gamericanold with Gamericannew and store the larger one in Gamericanold . Replace values in

Geuroold with values in Geuronew.
5. End for.
The

er

Ma
The vector array has to be used to assign option values for each point in the forward rate grid. The length of
the vector array can be very large, and frequently addressing the elements of the array may cause problem of
over the stack or even giving wrong values. However, programming languages have a feature of dynamically
addressing the location of the vector array, which helps to avoid these problems.

Note that the first order of the recursion contributes significantly to the final value. Furthermore, the drift in
forward bond measure is zero at 3 monthly lattice of points. The tree structure has to be enough wide to
include information about the changes in the value of the forward rates. One has the freedom of increasing the
width of the tree by setting the prefactor of d ¼ OðsÞ. Since s that is being used is the volatility for a one day
change of forward interest rate, to obtain s the real days in each step must be multiplied into it.

The above numerical algorithm yields only one value for both American option and European option; in
order to get values for a time series or values depending on different values of the various parameters, the
entire algorithm needs to be repeated.

7. Numerical results for caplets

A caplet on Libor and maturing when the caplet becomes operational was analyzed. The initial forward
interest rate curve as well as the volatility function was taken from the Libor market; the propagator ~Di;jk is
assigned numerical values taken from caplet data [8].8 For simplicity, take the time lattice � ¼ 3 months. The
present time for the caplet is taken to be from 12th September 2003 to 7th May 2004, with maturity at fixed
time in the 12th December 2004. For early exercise the American option on the caplet can expire at five fixed
times.

For M time steps and N þ 1 forward rates in first step, at step i there are Q ¼ ð2ðM � iÞ þ 3ÞNþi option
prices that need to be determined. The total number of option prices for the whole algorithm is
O ¼

PMþ1
i¼1 ð2ðM � iÞ þ 3ÞNþi. Thus, for a caplet at 12th September 2003, N ¼ 0 and M ¼ 5 (since M ¼ t�=�

and � ¼ 3 months), the number of option prices that need to be determined is O ¼ 1; 304. The total number of
option prices O increases rapidly with increasing M, with O ¼ 14; 758; 719 for M ¼ 10 (Fig. 9).

The caplet tree of the (relevant) forward rates is built with d ¼ 2s; all computations are carried out only for
the values of the forward rates taking values in the tree. Caplet volatility is taken from the market by moving
average on the historical data, and at 12th September 2003 is given in Fig. 25 [8].
European option price is always evaluated (at the same time as the American option) for carrying out consistency checks on the

ical results.

rket data was used for pricing caplets to demonstrate the flexibility of the numerical algorithm.
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In Ref. [8], the daily price from 12th September 2003 to 7th May 2004 of the option on Eurodollar futures
contracts expiring 13 December 2004 with a strike price 98 were computed. It was shown the field theory
pricing formula is fairly accurate; the same instrument is studied numerically using the lattice field theory of
interest rates.

Both European and American options are computed and the European results are used to check the
accuracy of the algorithm by comparing the numerical results with results from closed form pricing formula
for European options.

The American option can be exercised at any time before it’s expiry day, which means one should set � to be
very small and N to be very big; doing so would require a huge memory and very long time to run the program
since the possible option values Q for each step would then be a large number.

In Fig. 10 the numerical results of caplet are shown, and it is seen the numerical results are quite accurate
even for a large value of � ¼ 3 months; for this value of � this program can generate 167 daily prices by
running for less than 2 s on a desktop.
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Floorlet prices result is shown in Fig. 11.
Besides accuracy, the numerical results need to be consistent with the general properties of the various

options. In particular [4], the American caplet (put option) must always be more expensive than European
caplet since the American option includes the European option as a special case; however, American floorlet
(call option), in the absence of a dividend, is always equal to European floorlet. The normalized difference
between American and European options is shown in Fig. 12.9

The results are seen to be consistent with the general properties of the American and European options; the
normalized difference between American and European caplet is strictly positive showing that the American
caplet is always more expensive than the European caplet; on the other hand, the gap between American and
European floorlet can have negative values, showing that, within the accuracy of the numerical algorithm,
their difference is zero.

Although the interval between evolving steps � is set equal to 3 months, one can always decrease this interval
to get more accurate results. The American option is more expensive on decreasing the interval � since one
needs to pay more to have an option that can be exercised on more occasions before the expiry date. One can
consider the American option being exercised at fewer instants of time as Bermudan options. A Bermudan

option can be exercised at a number of pre-fixed times and is equal to a basket of European options, with the
difference that once the Bermudan option is exercised all the remaining European options become invalid.
A Bermudan option is always cheaper than an American option but more expensive than European option.
Some numerical results for the European, Bermudan and American caplets are shown in Fig. 13, and are seen
to be consistent with the general requirement for these options.

Put–call parity for the European caplet and floorlet is given by [7,8]

Capletðt0; t�Þ � Floorletðt0; t�Þ ¼ ‘VBðt0; t� þ ‘Þ½Lðt0; t�Þ � K �. (51)

The third argument T, indicating when the caplet becomes operational, is suppressed since the numerical
algorithm only studies the price of a caplet and floorlet for t� ¼ T . The result in Fig. 14 verifies that put–call
parity is valid for the European option prices generated by the numerical algorithm.
9One expects that by decreasing the time lattice size �, the difference between American caplet and European caplet should be enlarged

and become more significant compared with the error (deviating from zero) of the difference between American floorlet and European

floorlet.
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8. Numerical results for coupon bond options

For the coupon bond option case, the forward rates tree is built with the value of d ¼ 6s. The main focus of
the study of the American coupon bond option is not empirical, but instead is to develop an efficient and
accurate algorithm. Given the complexity of the instrument, a model is assumed for the volatility and the
initial value of the forward rates and the numerical study analyzes the accuracy of the algorithm for the model.
No market data is used for studying the American coupon bond option price.

The initial lattice forward interest rates is taken as below

f mn ¼ f 0ð1� e�lðn�mÞÞ, (52)

where f 0 is a prefactor used to get the same magnitude as the real market forward rates; let f 0 ¼ 0:1 and
choose l ¼ 1 so that f mn is of the order of 10�2.
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Following Bouchaud and Matacz [11], volatility is taken to have the following form (the parameters are
fixed by historical forward interest rates data):

sðyÞ ¼ 0:00055� 0:00026 expð�0:71826ðy� yminÞÞ

þ 0:0006ðy� yminÞ expð�0:71826ðy� yminÞÞ; y ¼ x� t, ð53Þ

where ymin ¼ 3 months.
The volatility, computed as volatility of daily change in the forward rates, is given from historical data by

s2ðt; yÞ ¼ hdf 2
ðt; yÞic, df ðt; yÞ ¼ f ðtþ 1; yÞ � f ðt; yÞ. Thus, in building the tree where each step � is 3 months, we

have to multiply the actual days of 3 months into sðyÞ to obtain the dimensionless volatility smn; from the
definitions of the lattice variables y ¼ x� t! ðN � nþmÞ�. Since the number of trading days in 3 months is
65 and � ¼ a ¼ 3

12
¼ 0:25 years, the dimensionless volatility for the case of the coupon bond option is given by

(ymin ¼ �)

smn ¼ 65
ffiffiffiffiffiffiffiffiffi
0:25
p ffiffiffiffiffiffiffiffiffi

0:25
p

sð
ffiffiffiffiffiffiffiffiffi
0:25
p

ðN � nþmÞÞ

¼ 16:25½0:00055� 0:00026 expð�0:35913ðN � nþm� 1Þ

þ 0:0003ðN � nþm� 1Þ expð�0:35913ðN � nþm� 1ÞÞ�. ð54Þ

The stiff propagator is given by Baaquie and Bouchaud [6], with parameters taken to have the following
values ~l ¼ 1:790=year; ~m ¼ 0:403=year; Z ¼ 0:34.

The numerical study considers the coupon bond option c1Bðt�; 1=4Þ þ c2Bðt�; 1=2Þ that matures in one years
time, that is t� � t0 ¼ t� ¼ 1 year and has a duration of six months, with two coupon payments and each is
paid every three months; the fixed coupon rate is taken to be equal to c and the principal amount equal to 1.
Thus, the payoff function at time t� ¼ 1 year for the put option is given by

Sðt�Þ ¼ K �
X2
i¼1

ciBðt�;TiÞ

 !
þ

, (55)

where T1 ¼ 1:25 year, T2 ¼ 1:5 year, c1 ¼ c and c2 ¼ cþ 1. Note taking the c ¼ 0 limit converts the coupon
bond into a zero coupon bond.
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Table 1

The correlators Gij between different forward bond prices

Gij i ¼ 1 i ¼ 2

j ¼ 1 1:669	 10�8 3:624	 10�8

j ¼ 2 3:624	 10�8 7:924	 10�8
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Fig. 15. Prices of coupon bond American and European put option that matures in one year and with a duration of six months, during

which two coupons at the rate of c ¼ 0:05 are paid every three months versus strike price K (European option from formula and

algorithm). The normalized root mean square error between the numerical value and formula for the European option is 0.17%.
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For this coupon bond option, N ¼ 1 and set M ¼ 4; this yields the total number of option prices to be
evaluated equal to O ¼ 1; 293. This number increases more rapidly than for the caplet case, and for M ¼ 10 it
reaches O ¼ 118; 507; 277.

Comparing the numerical value of the European coupon bond option with the approximate formula given
in Eq. (20) provides a check on the numerical result. The approximate formula is an expansion in the volatility
of the forward rates smn, and as long as this volatility is small, the numerical and approximate results should
agree.

For the specific case that is being studied numerically the coefficient A in Eq. (21) that appears in European
coupon bond option given in Eq. (20) has the closed form expression given by

A ¼
X2
ij¼1

JiJj Gij þ
1

2
G2

ij

� �
þOðG3

ijÞ. (56)

Note and Ji ¼ ciF i, with F 1 ¼ 0:982321 and F 2 ¼ 0:963426.
The numerical values for Gij , the correlator of the forward bond prices, are given in Table 1.
Numerical results for coupon bond option prices with changing strike price K and coupon rate c are given in

Figs. 15 and 16. The numerical value of the European coupon bond option is seen to be approximately equal
to the closed form approximate formula in Eq. (20); as required by consistency, the American put option
always has a higher price than European put option.

For completeness, the special case of the American option on a zero coupon bond, obtained by setting c ¼ 0
in Eq. (55), is given in Fig. 17 and shows all the features required by the consistency of the option prices.

The algorithm has been checked for internal consistency by plotting the prices of the coupon bond
American put options, European put options and the payoff function against the value of the coupon bond
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Bðt0Þ, which were generated by varying the coupon rate c, where Bðt0Þ is value of the coupon bond at t0 and is
given by

Bðt0Þ �
XN

i¼1

ciBðt0;TiÞ. (57)

Fig. 18 shows that the results are consistent with the general properties of these options, with the price of the
American option always being higher than the European option, and the American option joins the payoff
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with the same slope as the payoff function for small coupon bond value Bðt0Þ, where for large values of Bðt0Þ

the American options joints the European option, as discussed in Ref. [1].
Another check of the algorithm is the put–call parity for coupon bond option. European options obey the

equation [9]

CEðt0; t�;KÞ � PEðt0; t�;KÞ ¼
XN

i¼1

ciBðt0;TiÞ � KBðt0; t�Þ. (58)

The numerical results in Fig. 19 shows the accuracy of the algorithm and the normalized root mean square
error is only 1:53%.
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9. Put–call inequalities for American coupon bond option

In analogy with Eq. (58) and the inequalities for the put and call American options for equity given in
Eq. (74), one can consider the following inequalities for the case of American options on coupon bonds:

Bðt0Þ � KpCðt0; t�;KÞ � Pðt0; t�;KÞpBðt0Þ � Bðt0; t�ÞK : Incorrect. (59)

On graphing the three expressions in the above equation, as shown in Fig. 20, it is seen that the put–call
inequalities are incorrect.

Instead of the above incorrect inequality, a conjecture is made that the American coupon bond options
satisfy the following modified inequalities. The coupon bond value Bðt0Þ at time t0 in Eq. (59) is replaced by
the present value of the payoff function, namely F ðt0Þ—the forward price of the payoff function at time t0—
and which is given by

F ðt0Þ �
XN

i¼1

ciF ðt0; t�;TiÞ.

Hence we have postulate the following inequalities:

F ðt0Þ � KpCðt0; t�;KÞ � Pðt0; t�;KÞpF ðt0Þ � KBðt0; t�Þ. (60)

On numerically checking this inequality, as shown in Fig. 21, it is seen that the American coupon bond option
in fact does satisfy the conjectured inequalities! A straightforward no arbitrage argument can be shown to
yield inequalities given in Eq. (60).

In analogy with the conjecture for the inequalities obeyed by American coupon bond options, the following
inequalities are conjectured for the American caplet and floorlet:

F ðt0; t�; t� þ ‘Þ½Lðt0; t�Þ � K �pCapletðt0; t�Þ � Floorletðt0; t�Þ

pF ðt0; t�; t� þ ‘Þ½Lðt0; t�Þ � Bðt0; t�ÞK � ð61Þ

which can also be expressed as follows:

Capletðt0; t�Þ � Floorletðt0; t�Þ � F ðt0; t�; t� þ ‘Þ½Lðt0; t�Þ � K �X0,

F ðt0; t�; t� þ ‘Þ½Lðt0; t�Þ � Bðt0; t�ÞK � � Capletðt0; t�Þ � Floorletðt0; t�ÞX0.
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Fig. 22. Put–call inequality, to be obeyed by the price of a caplet American put and call options, requires that Capletðt0; t�Þ �
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diagram one can see that both the expressions are positive, as required.
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Fig. 22 shows that the conjectured inequalities indeed do hold for the numerical prices of the American caplet
options.

The conjecture for the American caplet and floorlet is not as significant as the one for the American coupon
bond option since the numerical prices also satisfy the inequalities that are similar to the equity inequalities in
Eq. (74), namely

Bðt0; t� þ ‘Þ½Lðt0; t�Þ � K �pCapletðt0; t�Þ � Floorletðt0; t�Þ

pBðt0; t� þ ‘Þ½Lðt0; t�Þ � Bðt0; t�ÞK �. ð62Þ

The numerical results for American caplet and floorlet show that they obey the inequalities given in Fig. 23.
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10. Conclusions

An efficient and accurate numerical algorithm has been developed and implemented for pricing American
options for interest rate instruments. The procedures that are presently being used [2] are all based on the
HJM-model and BGM model and use variants of the binomial tree to build the tree for the interest rates and
coupon bonds; the complexity of the tree in the HJM-model and BGM model is determined by how many
factors are driving the interest rates.

The approach of quantum finance to American options is radically different. One starts with the pricing
kernel, for which a model is written from first principles. The payoff function for the American option is
propagated backwards on a time lattice using the pricing kernel, and entails performing a path integral
numerically. The numerical path integral can be interpreted as generating the values of the American option
on a tree of forward interest rates. At each step the trial American option value obtained is compared with the
payoff function.

The (lattice) forward interest rates f ðt; xÞ ! f mn are directly involved in the recursion equation. Any
attempt to replace f mn by any collection of white noise, as is the case for the HJM-model and BGM model,
makes the whole numerical computation intractable. Furthermore, the non-trivial correlation between the
changes in the option price due to the propagator ~Dm;jk is easily incorporated in the recursion equation, as can
be seen from Eq. (43); this correlation cannot be incorporated in the numerical procedures based on the HJM-
model and BGM model. The prices of the American option for caplets and coupon bonds have been shown to
be consistent, obeying all the constraints that necessarily follow from the principles of finance.

The comparison of the numerical values of the European caplet and coupon bond option with the caplet
formula and the approximate coupon bond option formula, respectively, showed that the numerical algorithm
in general is over 95% accurate, reaching an accuracy of 99% for the coupon bond option. An additional
benefit of the comparison is that it provides a proof of the accuracy of the approximate coupon bond option
price for low interest rates volatility.

The entire computation has been carried out on a desktop computer and with a small lattice of about 10–20
lattice points, with the option price for each set of parameters requiring only a few seconds of computation
time. Even such a crude approximation gives excellent results, showing the possibility of using such algorithms
for practical applications.
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A conjecture for the put–call inequalities was made for the American coupon bond option and caplet was
made based on the analysis of the numerical results. The fact that these inequalities seem to hold quite
robustly for the numerical results obtained adds confidence to the correctness of this conjecture. A derivation
of the conjecture from the principles of finance would confirm the correctness of the conjecture.

The numerical algorithm developed in this paper opens the way to the study of all varieties of American
options, both for interest rate instruments and for correlated equity instruments as well.
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Appendix A. American option on equity

The Black–Scholes case provides a simple example for understanding the more complicated case. Montagna
et al. [5] have given a path integral numerical evaluation of the American option for Black–Scholes equity. In
order to understand the American option for the more complex case of interest rates, the derivation of Ref. [5]
is briefly reviewed. The notation followed in this Appendix is the same as the one used for analyzing lattice
interest rates in Section 4.

The Black–Scholes models the time evolution of asset prices. Consider a time lattice with time running
backwards, that is, ti ¼ ðN � iÞ�; i ¼ 0; 1; . . . ;N, with t� ¼ N� usually being the expiration time for an option.
In terms of the logarithm of the asset price Si ¼ ezi , with zi � zðtiÞ and discretized velocity
dz=dt ¼ ðzi � ziþ1Þ=�, the Black–Scholes Lagrangian [3] is given by

LBSðiÞ ¼ �
1

2s2
zi � ziþ1

�
� a

� �2
� r, (63)

where a ¼ r� s2=2. Let the boundary conditions be given by z0 ¼ z; zN ¼ z0; the action and the pricing kernel
are then given by [3]

SBS ¼ �
XN�1
i¼0

LBSðiÞ ¼
XN�1
i¼0

LðiÞ,

LðiÞ ¼ �LBSðiÞ ¼ �
1

2s2
zi � ziþ1 � ~að Þ

2
� ~r,

pðz0; z;NÞ ¼ ~N
YN�1
i¼0

Z
dzi e

SBS ,

pðz0; z; 1Þ ¼N expfLg ¼

ffiffiffiffiffiffiffiffiffi
1

2ps2

r
exp �

1

2s2
ðz� z0 � ~aÞ2 � ~r

� �
, (64)

with dimensionless parameters s2 ¼ �s2; ~a ¼ �a and ~r ¼ �r.
Consider a European put option Pi maturing at time N� ¼ t� in the future, with maturity time labelled by

i ¼ 0; the payoff function is given by ðK � ezÞþ, where K is the strike price.10 Since time is running backwards,
the pricing kernel gives the price of the European put option at time i ¼ N by the following equation:

PEðz
0;NÞ ¼

Z þ1
�1

dzpðz0; z;NÞðK � ezÞþ. (65)

Consider the case of the American put option with possibility of an early exercise. The payoff of the
American option is the same as the European option, with the additional freedom that the holder of the option
10The price of an American call option, for a non-dividend paying stock, can be shown to be equal to the European call option [1].
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can exercise the option anytime from the present to its theoretical maturity date t�. Since time is divided into
short intervals of spacing �, early exercise of the option can only take place at the discrete time instants of
ti ¼ i�. To find the price of the American option PðtÞ one propagates the payoff function backwards in time.
At time slice ti the American option has a price given by PðtiÞ. To determine the option price at next (earlier)
instant tiþ1 one propagates PðtiÞ backwards in time to obtain an initial trial value of the American option at
tiþ1, called PI ðtiþ1Þ. The actual value of the American option at tiþ1 is given by the maximum of the (non-
discounted) payoff function and PI ðtiþ1Þ; that is

Pðtiþ1Þ ¼MaxfPI ðtiþ1Þ; ðK � eziþ1ÞþÞg. (66)

In the path integral the pricing kernel is used for computing the initial trial option price PI ðtiþ1Þ; Eqs. (65)
and (64) yield

PI ðtiþ1; z
0Þ ¼

Z þ1
�1

dzpðz0; z; 1ÞPðti; zÞ ¼N

Z þ1
�1

dz eLðz
0;zÞPðti; zÞ ð67Þ

¼ e�~r
ffiffiffiffiffiffiffiffiffi
1

2ps2

r Z þ1
�1

dz exp �
1

2s2
z� z0 � ~að Þ

2

� �
Pðti; zÞ. ð68Þ

Almost all cases of interest have fairly small volatility, that is, s ’ 0; for small s the most efficient procedure
for evaluating the integral in Eq. (68) is to Taylor expand the function Pðti; zÞ about the very sharp maximum
of the Gaussian part of the integrand located at the point z0 þ ~a � z̄. Denoting differentiation with respect to z

by prime yields the Taylors expansion

Pðti; zÞ ¼ Pðti; z̄Þ þ ðz� z̄ÞP0ðti; z̄Þ þ 1
2 ðz� z̄Þ2P00ðti; z̄Þ þ � � � . (69)

Using the fact thatffiffiffiffiffiffiffiffiffi
1

2ps2

r Z þ1
�1

dz e�ð1=2s2Þðz�z̄Þ2 ¼ 1;

ffiffiffiffiffiffiffiffiffi
1

2ps2

r Z þ1
�1

dz e�ð1=2s2Þðz�z̄Þ2 ðz� z̄Þ ¼ 0,

ffiffiffiffiffiffiffiffiffi
1

2ps2

r Z þ1
�1

dz e�ð1=2s2Þðz�z̄Þ2 ðz� z̄Þ2 ¼ s2 (70)

yields, from Eqs. (68) and (69), the following recursion equation:

PI ðtiþ1; z
0Þ ¼ e�~r½Pðti; z̄Þ þ 1

2
s2P00ðti; z̄Þ� þOðs4Þ. (71)

Discretizing the values of z̄ into a grid of spacing d of OðsÞ yields

PI ðtiþ1; z
0Þ ’ e�~r Pðti; z̄Þ þ

1

d2
½Pðti; z̄þ dÞ � 2Pðti; z̄Þ þ Pðti; z̄� dÞ�

� �
. (72)

Note that to obtain the value of PI ðtiþ1; z0Þ in Eq. (72) one needs the values of option prices at the earlier time
at three distinct points, namely Pðti; z̄Þ;Pðti; z̄� dÞ. By induction, it follows that as one recurses back in time,
the number of points at which the option price can be obtained collapses into a single point. Hence, in order to
find the option price at a some particular value at present, which in the notation being used is at tN ¼ 0, one
needs to create a tree of values for zi, at which points the recursion equation will evaluate the value of the
option; the tree is illustrated in Fig. 24.

As shown in Fig. 24, the points on the tree grow linearly with each step in time. The values of zi on the tree
are taken to have a spacing of d ¼ s so that the spread of the zi values on the tree can span the interval
required for obtaining an accurate result from the integration. The tree at time ti has the following values for
zi, namely:

z
ðkÞ
i ¼
:

zN þ ~aþ ks; k ¼ �ðN � iÞ; . . . ;þðN � iÞ. (73)

At a given time ti, the tree consists of 2ðN � iÞ þ 1 values of zi, centered on the S ¼ ezN , namely the value of
the stock at initial time for which the price of the American option is being computed.
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Table 2

Numerical prices of American and European put options for the parameters T ¼ 0:5 year, r ¼ 0:1=year, s ¼ 0:4;K ¼ 10; � ¼ T=100, as a
function of the possible present time stock prices S

S American put Numerical European put European from Black–Scholes

6.0 4.00 3.558 3.558

8.0 2.095 1.918 1.918

10.0 0.922 0.870 0.870

12.0 0.362 0.348 0.348

14.0 0.132 0.128 0.128
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Fig. 25. Price of the American stock option versus stock price S.
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The algorithm expressed in Eqs. (66) and (72) were numerically tested and yield results (Table 2) that are
fairly accurate as well as consistent with those obtained in Ref. [5].

The American and European put option prices, together with the payoff function for the put option, are
shown in Fig. 25 and are seen to be consistent with the discussions in Ref. [1]; in particular, note that the
American put option is always more expensive than the European put option, as indeed it must be since it has
more choice; furthermore, the American put option, for small values of the stock price S, has the same slope as
the payoff function, hence smoothly joining it.

From Ref. [1], the inequalities obeyed by the price of American call and put options C and P, res-
pectively, on a stock with stock price S, strike price K and maturing at future time T is given by the
following:

S � KpC � PpS � e�rT K , (74)

where r is the spot interest rate. The put–call inequality for American option of a stock is seen in Fig. 26 to
hold for the numerical option prices.

All the basic features of the algorithm for pricing an American put option for equity are simplified
expressions that appear in the more complex algorithm needed to price American options for interest rate
instruments.
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